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Summary. — For nuclei with Z>84 and N +128, it has been shown 
that (Q — 0.625 Z} is a smooth function of the mass number A, where 
Q is the «-disintegration energy. This has been utilized to develop two 
equations for Q. Results by these two equations are compared with 
those given by Roger’s equation. 


1. — Introduction. 


One of the important applications of the Weizsàcker-Bethe semi-empirical 
mass equation has been in the calculation of «-decay energies. Such calcu- 
lations have been made by a number of workers. 

Following PERLMAN and RASMUSSEN (1), we shall denote the «-disinte- 
gration energy (i.e. the energy of the « group leading to the ground state plus 
the recoil energy of the nucleus) by Q. 

PRYCE (2) made a detailed comparison of the calculated «-decay energies 
from the Weizsicker-Bethe (W-B) equation with the observed ones. He found 
that the difference between the two values for the nuclei with Z>84, N>128 
decreases reasonably smoothly with increasing mass number and, by making 


(‘) Now at the Division of Pure Physics, National Research Council, Ottawa 2, 


Canada. 
(**) Now at the Department of Physics, Columbia University, New York, N.Y., U.S.A. 
(1) I. PERLMAN and J. O. Rasmussen: Handb. d. Phys., vol. 42, (Berlin, 1957) p. 109. 
(2) M. H. L. Pryce: Proc. Phys. Soc., 63, 692 (1950). 
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certain simplyfying assumption, deduced that 
(1) Q (obs.) — Q (cale.) = 4e — 4a(A — 210.5), 


where e and a are constants and A is the mass number. In other words the 
difference is nearly linear with A. Calculated values of «-decay energy were 
also reported by DAS (). 

The inadequacy of the W-B mass equation to yield the correct «-decay 
energies is a consequence of the fact, first shown by STERN (4), that in the 
heavy mass region the observed masses show considerable departures from 
the calculated ones. STERN (4) showed that if a correction term 


(2) + 0.012 70 — 0.023 40 exp [— 18x] 


(where a = (A — 208)/208) is added to the W-B mass equation, it gives good 
results for nuclei with A>208. JHA and DUBE () calculated Q by the W-B 
equation with Stern correction term for isotopes of Z= 83, 84 and 85 and 
found satisfactory results. DUBE and SINGH (6) have suggested other types 
of correction terms to the mass equation to remedy for the differences in cal- 
culated and observed Q values. 

Besides these, equations have also been proposed for the «-disintegration 
energy in terms of the atomic number Z and neutron number N. 

ROGER (7) has suggested 


(3) Q (in MeV) = 9— - 


for nuclei beyond Z= 84 and N=128. 
VARSHNI (8) proposed 


(4) Q (MeV) = 0.4Z — 1.795 (N — 132)? — 26.208 


for nuclei having N > 132. SUD (°) has found slightly improved results with 
slightly different values of the constants in the above equation. 
A similar equation for «-disintegration energy in the region of rare earth 


‘nuclei has been investigated by RAMASWAMY (1): 


. P. VARSHNI: Nuovo Cimento, 8, 1148 (1956). 
. V. Sup: private communication. 


(8) Q=0.36Z — 1.19 (N — 82) — 17.89 
(3) R. K. Das: Ind. Journ. Phys., 24, 523 (1950). 
(4) M: O. STERN: Rev. Mod. Phys., 21, 31€ (1949). 
(5) S. Joa and G. P. Dupe: Ind. Journ. Phys., 26, 15 (1952). 
(9) G. P. Dupe and L. S. SINGH: Curr, Sci., 28, 84 (1954); Ind. Journ. Phys., 28, 
17 (1954); Proc. Ind. Acad. Sci., A 40, 37 (1954). 
(7) F. RoGER: Compt. Rend. Acad. Sci., 240, 858 (1955). 
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(N > 82, Z< 82). Good results were obtained for the 15 «-emitters in this 
region. 

Systematics of «-disintegration energy (211) are known to show a sharp 
break and a change of trend at the shell closures Z=82 and N—126. In 
the presented paper we have confined ourselves to nuclei having Z>84 and 
EV 128; 

It has been found that the function (Q —0.625 Z) is a smooth function of 
the mass number A, and from this we have developed two equations for Q. 


Q is taken in MeV. 
Fig. 1 shows (Q — 0.625 Z) plotted against A. Data have been taken from 


| -49.0 
as 
ca -50.0 
[le] 
Oo 
1 
RSI à 
-56.0 4 ai Rice eta AA, 
210 215 220 PAS) E, Leo ZO 245 250055 
Fig. 1. — The function (Q — 0.625Z) vs. the mass number A. The curve represents 


eq. (6). 


(11) I. PERLMAN, A. Gurorso and G. T. SEABORG: Phys. Rev., 77, 26 (1950). 
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452 
TABLE I (Q values are in MeV). 
) cale ‘ale cale. 
2 | |e om [ES [a rimor | DES | por | RE | 2 tr 
84 212 8.949 987 + 4.73 8.986 + 0.41 9.000 + 0.57 
213 8.51 8.756 + 2.89 8.459 — 0.60 8.500 — 0.12 
214 7.827 8.172 + 4.40 7.934 + 1.36 8.000 | + 2.21 
215 7.50 7.600 + 1.33 7.422 — 1.04 7.500 0 
216 6.903 7.047 + 2.08 6.923 + 0.29 7.000 + 1.41 
217 6.66 6.514 — 2.19 6.436 — 3.36 6.500 | — 2.40 
218 6.110 6.000 — 1.80 5.962 — 2.42 6.000 ess 1.80 
85 213 9.4 9.381 — 0.20 9.084 — 3.36 9.000 | — 4.26 
214 8.95 8.797 — 1.70 8.559 — 4.37 8.528 — 4.72 
215 8.15 8.225 + 0.92 8.047 — 1.2€ 8.056 — 1.15 
216 7.94 7.672 — 3.37 7.548 — 4.94 7.583 — 4.50 
217 7.18 12139 — 0.57 7.061 1.66 HI — 0.86 
218 6.75 6.625 85 6.587 — 3.90 6.639 — 1.64 
219 6.39 6.127 — 4.11 6.126 — 2.57 CMOS) 
86 215 8.8 8.850 = (Dr 8.672 — 1.45 8.556 | — 2.77 
216 8.16 8.297 — 1-67 8.173 + 0.16 8.112 | — 0.59 
217 7.89 7.764 — 1.59 7.686 — 2.59 7.667 | — 2.83 
218 7.26 7.250 — 0.13 7.212 — 0.66 7.222 — 0.52 
219 6.94 6.752 — 2.70 6.751 — 2.72 6.778 — 2.33 
220 6.398 6.272 — 1.96 6.302 — 1.50 6.333 — 1.02 
221 6.10 5.810 — 4.75 5.866 — 3.84 5.889 — 3.46 
222 5.587 5.367 — 3.94 5.447 — 2.50 5.444 — 2.56 
87 217 8.50 8.389 — 1.30 8.311 — 2.22 8.167 — 3.92 
218 8.00 7.875 — 1.56 7.837 — 2.04 7.75 — 3.12 
219 7.44 TSI — 0.85 7.476 + 0.48 7.333 — 1.44 
220 6.81 6.897 + 1.40 6.927 + 1.72 6.917 1-07 
221 6.449 6.435 — 0.21 6.491 + 0.65 6.500 + 0.79 
223 5.44 5.561 + 2.22 5.657 + 3.99 5.667 +4.17 
88 219 8.10 8.002 — 1.20 8.001 — 1.22 7.833 — 3.30 
220 7.57 7.522 — 0.63 7.652 — 0.24 7.444 — 1.66 
221 6.83 7.060 + 3.36 TIRO + 4.19 7.056 + 3.31 
222 6.671 6.617 — 0.80 6.692 + 0.31 6.667 — 0.06 
223 5.974 6.186 + 3.55 6.285 + 5.16 6.278 + 5.09 
224 5.784 5.775 — 0.15 5.884 + 1,73 5.889 + 1.82 
226 4.863 5.000 + 2.81 5.124 +- 5.18 5.111 5.10 
89 221 TTI 7.685 — 0.19 7.741 + 0.53 7.556 — 1.87 
222 7.09 7.042 — 0.67 (3107 + 3.20 7.194 a Lay 
223 6.76 6.811 + 0.75 6.903 + 2.18 6.833 + 1.08 
224 6.28 6.400 + 1.91 6.5.9 + 3.65 6.472 + 3.06 
225 5.923 6.003 = 1.35 6.103 + 3.04 6.111 + 3.17 
2277 5.031 5.260 + 4.55 5.39 + 7.14 5.389 + 7.12 
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Z À Q obs. Ana % Error A % Error Roger % Error 
90 223 7.69 7.436 — 3.30 7.532 — 2.05 7.333 — 4.64 
224 7.26 7.025 — 3.23 7.134 — 1.74 7.000 — 3.58 
225 6.69 6.626 — 0.92 6.748 2087 6.667 — 0.34 
226 6.444 6.250 — 3.01 6.475 — 0.48 6.333 — 1.72 
227 6.144 5.885 — 4.21 6.015 + 2.10 6.000 — 2.34 
228 5.52 5.535 20:27 5.668 + 3.04 5.667 + 2.66 
229 5.11 5.202 + 1.80 5.333 + 4.36 5.333 + 4.36 
230 4.765 4.883 + 2.47 5.011 + 5.16 5.000 + 4.93 
232 4.077 4.287 + 5.15 4.414 + 8.27 4.333 + 6.28 
91 226 6.93 6.875 — 0.79 7.000 == LOL 6.861 — 1.00 
227 6.58 GEO | 06 6.640 22091 6.556 — 0.36 
228 6.20 6.160 | — 0.64 6.293 + 1.53: 6.25 + 0.81 
229 5.79 5.827 == 0.63 5.958 + 2.90 5.944 + 2.66 
231 5.138 5.202 + 1.24 5.326 + 3.62 5.333 + 3.80 
92 227 6.90 7.135 + 3.46 7.265 + 5.29 7.056 + 2.26 
228 6.79 6.785 — 0.07 6.918 + 1.90 6.778 — 0.18 
229 6.53 6.452 — 1.19 6.583 +0.51 6.5 — 0.46 
230 5.988 6.133 + 2.42 6.261 + 4.56 6.222 + 3.91 
231 5.5 5.826 + 5.92 5.951 + 8.20 5.944 + 8.07 
232 5.411 5.537 | + 2.32 5.664 + 4.68 5.667 + 4.73 
233 4.900 SR RE 7:38 5.370 + 9.59 5.389 9295 
234 4.851 4.999 | 43.05 5.099 + 5.11 o.L11 + 5.36 
235 4.66 4.750 + 1.93 4.84 + 3.86 4.833 + 3.71 
236 4.577 4.514 — 1.37 4.593 + 0.35 4.556 — 0.46 
238 4.267 4.082 — 4.33 4.139 — 3.00 4.000 — 6.26 
93 231 6.39 6.451 + 0:95 6.576 + 2.91 6.500 AE 
233 5.63 5.881 + 4.45 5.995 + 6.48 6.000 = 6-57 
235 5.23 5.375 + 2.77 5.465 + 0.24 5.500 Se NE 
237 4.950 4.917 — 0.66 4.985 =- 0.71 5.000 + 1.01 
94 232 6.70 6.787 + 1.30 7.014 + 4.69 6.778 + 1.16 
233 6.41 6.512 + 1.59 6.720 + 4.84 6.556 + 2.27 
234 6.30 6.249 |: — 0.80 6.449 + 2.37 6.333 + 0.52 
235 5.95 6.000 + 0.84 6.190 + 4.03 6.111 Se 2 Tal 
236 5.862 5.764 — 1.67 5.943 + 1.38 5.889 + 0.46 
237 5.75 5.542 — 3.61 5.610 — 2.43 5.667 — 1.44 
238 5.589 5.332 — 4.59 5.489 — 1.79 5.444 — 2.59 
239 5.235 5.235 — 0.00 5.281 + 0.88 5.222 — 0.25 
240 5.246 5.051 — 3.71 5.085 — 3.07 5.000 — 4.69 
241 4.976 4.779 — 3.96 4.802 — 2.94 4.778 — 3.98 
242 4.980 4.719 — 5.24 4.732 — 4.98 4.556 — 8.51 
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dc: TABLE I (continued). 
apa x Q calc. 
z| a loco | dat |% Em) ta.) | % Error | Ré | % Bozo 
+59 f À 
a Dem 29% he 6.1104) 6.107 + 0.93 6.235 | + 2.05 6.278 + 2.75 
sk SA | 239 | 5.90 5.860 | — 0.67 5.806 | —1.59 5.889 | — 0.19 
Fes 241 | 5.628 5.504 2) = 2.20 1497 Me S.07 5.500 | —2.27 
Be. 243 | 5.428 5.096 — 6-11 5.101 | — 6.06 SITI 15084 
; o 1196 | 238 | -.6.63 6.582 | —0.72 | 6.639 | +0.14 | 6.667 | +0.56 
“TES 240 | 6.38 6.301 11.23 62850397 6.333 SORTA 
ois 241 | 6.20 ALU ae 6.152 1 097 6.167 | —0.53 
Mec 242) | “6.213 5.969 0225.02 RTS CRE 6.000 - <2 3:43 
ae 243 | 6.159 5.721 = eit 5.734 | — 6.90 5.833 | — 5.29 
BR vs DAL |) 8.895) 75.584 225.27 5.579 | —5.36 5.667 | — 3.87 
fe 245 | 5.62 5.459 | — 2.68 5.449 | — 3.08 5.500 | —2.14 
OURS” 246 | 5.46 5,046 02207108 5.327 | — 5:44 5.333 | — 2.33 
a 248 | 5.14 5.151 + 0.21 5.126 1027 5.000 212-272 
Dar! AN DE a 
Besos | 97 | 245 | (6.83 63160) 27:08 6.349 ré 6.500 | —4.83 
ee 244 | 6.78 6.2092 | —"8.41 6.204 | — 8.50 6.361 — 6.18 
em. 245 | 6.48 6084 641 6.075 | — 6.25 6.222 == 3.98 
eta 247 | 5.85 5.867 + 0.29 5.845 | — 0.09 5.944 +1.61 
3 ae 249.| 5.53 5.694 + 2.96 5.669 22:51 5.667 + 2.48 
eae 98.| 244 | 7.29 6:634 EE 6.829 | — 6.32 7.000 | — 3.98 
ett 245° | 7123 C09 NET 6.697 rs 6.889 — 4.72 
LS 246 | 6.865 6.596 | — 3.91 6.577 | — 4.20 6793. des 1.27 
fa, 248 | 6.36 6.401 + 0.64 6.376 | 42.51 6.556 + 3.08 
i +3 249 | 6.29 6.319 + 0.46 6.294 + 0.06 6.444 + 2.45 
Meg. 250 | 6.122 6.250 + 2.09 6.225 + 1.68 6.333 + 3.45 
ar. 252 | 6,211 6,139) 2 115 CL00 1, aL nO 6.111 — 1.61 
on 99 | 246 | 7.4 1231 21 T2027 dy = 2.68 7.417 + 0.23 
JA 2470) 74. Tell Peay 8-33 7.096 ea Teas oe ad 
oe: 248 | 6.98 7.026 + 0.65 7.001 + 0.19 7.250 + 3.87 
} ene 249 | 6.87 6.944 LOT 6.919 + 0.71 7.167 + 4.32 
ER 251 | 6.58 6.814 + 3.55 6.794 + 8.25 7.000 + 6.38 
| SR 252 | 6.750 | 6.764 + 0.20 6.731 — 0.28 6.917 + 2.47 
AE 253 | 6.74 6.725 | +022 | 6.719 | —0.31 | 6.833 | +1.38 
Me, 254 | 6.52 6.697 PO 6.701 + 2.77 6.750 + 3.53 
ett, — x 
4 Re” 100 | 250 | 7.55 7.500 — 0.66 7.475 — 0.99 73778 + 3.02 
a 251 7.00 7.439 16.27 7.419 + 5.98 1 12200101 
O52 ANNTILE 7.389 43.18 7.356 + 4.13 7.667 + 7.08 
253 | 7.05 7.350 + 4.25 7.344 + 4.17 7.611 + 7.96 
204 207.32 e328 + 0.02 7.324 + 0.08 7.556 + 3.22 
255 | 7.20 7.300 + 1.38 7.320 + 1.67 7.500 4.4.17 
Average percent errors 2.45 2.89 2.98 
es, 3 
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ASARO and PERLMAN (!). The points are seen to lie on a regular curve which 
is a funetion of A alone. From this we are led to assume that the factor 
0.625Z eliminates the Z dependent effects i.e. the Coulomb energy and the 
symmetry energy in the semi-empirical mass equation. 

The Coulomb energy term is +a,Z?/A4, where a; is a constant. From this 
it is readily seen that its contribution to Q will be +4a;(Z — 1)/A* nearly. 
(As À appears in the cube root, the variations in the denominator will be 
small.) With A ~ 230, this will be — 4a,Z/6.13. Recently GREEN (1%) has de- 
termined a,—0.71 MeV; using this value for a,, the effect comes out to be 
~+0.46Z MeV. 

Besides the Coulomb energy, the symmetry energy is also Z dependent. 
It is put as a,(N — Z)?/4A, where a, is a constant. Its contribution to the 
disintegration energy will be approximately — a,(N — Z)?/A* or —a,(1— 2Z/A)?. 
In this case it is not possible to separate out the effect of Z. 

Two different equations were found to give a reasonable representation of 
the behaviour of the points: 


(6) Q — 0.625 Z = — 364.1233 + 0.802 594 A + 677963 0/A? 
and 


(7) Q—0.625Z = — 36.068 4 — 0.695 557 (A — 200) + 6.328 6-10-39 (A — 200)?. 


In eq. (7) the constant 200 is merely for computational convenience. The 
curve shown in Fig. 1 represents eq. (6). 

The calculated values of Y from eq. (6), (7) and the Roger equation (3), 
together with the observed values are recorded in Table I. Calculations were 
also carried out with eq. (4). The results were satisfactory at low Z, but at 
high Z the errors were large and hence these results have not been reproduced, 
All Q values are in MeV. 


2. — Discussion. 


It will be observed from Table I that the average percent errors by all 
the three equations, viz. eq. (6), (7) and the Roger equation (3), are in the 
neighbourhood of 3%. The average percent error by eq. (6) is the lowest 
(2.45) and that by eq. (3) the highest (2.98). 


(12) F. Asaro and I. PERLMAN: Rev. Mod. Phys., 26, 456 (1954); 29, 831 (1957). 
(13) A. E. S. GREEN: Phys. Rev., 95, 1006 (1954). 
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Being related to the gra- 

ue dient of the «mass surface » 

4 i” (or «energy surface »), the «- 
disintegration energy is better 

‘ 100 suited than the mass surface 

| 2 99 itself for exhibiting irregulari- 
Ea) ties which point to structural 
o features in nuclei. Eq. (6) de- 
L a fines a smooth Q curve. Any 
Si i systematic deviation from this 


may be the consequence of 
subshells or other structural 


3 changes in the nuclei in this 
PA region. 

N —> GHIoRSO et al. (14) have 

1 Fc ~ 

146 148 150 152 154 suggested a subshell at N= 152 


4 Fig. 2. — Q (obs.) —Q (cale. by eq. (6)) shown on the basis of the systematics 

A against the neutron number N. The figures by of a-particle energy in this re- 
the side of the curves denote atomie numbers. 
To avoid overlapping, the points for Z=99 have i : = 
been shifted xa Fe 0,1 Mev and those tor Q (obs.) — @ (cale. by eq. (6) 
Z=100 shifted up by 0.2 MeV. The discontinuity © N. As expected there is a 
at N—152 corresponds to the subshell at this definite break at N= 152. 
neutron number, suggested by GHIORSO et al. (14). Another interesting feature 


gion. Fig. 2 shows a plot of 


may be noted in Fig. 1. Be- 
, tween mass numbers 240 and 245 the points are seen to lie appreciably above 
ts the curve and there is a sort of a hump. This flimsy evidence is suggestive 
; of some structural change at A~ 242. 


(14) A. Guiorso, 8. G. THOMPSON, G. H. Hiaarys, B. G. Harvey and G. T. SEABORG : 
Phys. Rev., 95, 293 (1954). 


RIASSUNTO (*) 


i È stato dimostrato che (Q — 0.625 Z), per nuclei aventi Z>84 ed N > 128, è una 

i funzione continua del numero di massa A, in cui Q è l’energia della disintegrazione x. 
Utilizziamo questa proprietà per costruire due equazioni per ©. Confrontiamo i risultati 
di queste due equazioni con quelli dati dall’equazione di Roger. 


(*) Traduzione a cura della Redazione. 
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On Magnetic and Luminescent Centres Induced 
in the Crystal of Lithium Flucride by X-Ray Irradiation (*). 


A. CHOUDHURY 


Physics Department, Jadavpur University, Oulcutta 


(ricevuto il 19 Maggio 1961) 


Summary. — The diamagnetic susceptibility of LiF decreases on irra- 
diation with X-rays. The difference in diamagnetic susceptibility of the 
sample before and after colouration obeys the Curie law. This is due to the 
paramagnetism of induced colour centres, predominantly F centres. On 
complete thermal bleaching the diamagnetic susceptibility recovers its 
original value. The changes in magnetic susceptibilities which occur 
at different stages of thermal bleaching are found to have close corre- 
spondence with the integrated intensity of thermoluminescence emission. 
It has been concluded from the results that the destruction of F centres 
alone cannot account for the intensity of thermoluminescence emission 
or magnetic changes. 


1. — Introduction. 


Alkali halides are transparent over a wide range of wave-lengths from 
200 nm to 15 um. New absorption bands or colour centres, as they are termed, 
can be created by irradiation with ionizing radiations. Of the various colour 
centres, the F centre is the simplest. It is formed by the trapping of an 
electron in an anion vacaney of the crystal. Similarly trapping of positive 
holes at cation vacancies produces V-type centres. A variety of other centres, 
e.9., R1, R:, M or V., V3, Vs, etc., are also known to occur under suitable 
conditions. 

The magnetic measurements with coloured alkali halides have shown that 
the F-centres are paramagnetic (1) and their contribution to susceptibility 


(*) The work was carried out in the Indian Institute of Technology, Kharagpur. 
(1) P. JENSEN: Ann. d. Phys., 34, 161 (1939); A. B. Scorr, H. J. HROSTWISKI 
and L. B. Bupe: Phys. Rev., 79, 346 (1950). 
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follows the Curie law. The paramagnetic resonance experiments on # centres 
give a «g » value which is approximately the same as that for the free electron. 

The luminescence and the thermoluminescence of alkali halides irradiated 
by X-rays and cathode rays have been reported by several authors (?). Irra- 
diated at low temperatures, alkali halides get coloured and store up energy; 
on subsequent heating they emit light showing peaks at characteristic temper- 
atures. The peaks in the thermoluminescence curve are associated with the 
trapping stages of holes or electrons. The investigations of YUSTER, SHARMA 
and MAURER (*) show that the colour centres are intimately related to the 
glow peaks. HEER and BATE (4) have also shown that the magnetic suscepti- 
bility of the coloured crystal can well be explained by the concentration of 
F centres alone. It is therefore expected that the magnetic changes that 
occur in coloured alkali halide crystals during thermal bleaching should have 
a close correspondence with the thermoluminescence data. 


2. — Experiments and results. 


The thermoluminescence and magnetic measurements have been carried 
out with single crystals of lithium fluoride irradiated by X-rays at room tem- 


Diamagnetic susceptibility 10% em. u,/gm 


L L ie ie M 


L 1 1 1 4 i 1 JE 
300 350 400 450 500 550 600 65C 
Temperature of heating, T °K 
Fig. 1. - The magnetic susceptibility of X-ray (7-105 R.U.) coloured LiF after thermal 
bleaching at elevated temperatures. 


(?) J. SHARMA: Phys. Rev., 87, 535 (1952); A. HALPERIN and A. BRAUER: Phys. 
Rev., 108, 928 (1957). 

i) P. PRINGSHEIM and R. YUSTER: Phys. Rev., 78, 293 (1950); D. Durron and 
R. MAURER: Phys. Rev., 90, 126 (1953); J. SHARMA: privale communication. 

(4) C. V. Her and R. T. BATE: Journ. Phys. Chem. Solids, 7, 14 (1958). 
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‘perature (27°C). The single crystals were obtained from Harshaw Chemical 
Company; they were coloured by 30 kV (unfiltered) X-rays from a tungsten 
target. The dosage of the radiation was measured by a dosimeter (Baldwin 


Ww 
oO 
(e 0) 


da n 
A r 


382} 


Diamagnetic susceptibility -10°e.m.u./gm 


vai SÙ 
L na iL 1 L seen" 1 
4 


5 6 7 8 10 11 
Temperature 103/T°K 


Fig. 2. — The variation of magnetic susceptibility of coloured and uncoloured Lik with 
the reciprocal of temperature. 


Tonex M.K.3). The thickness of the crystals, and the dosage of radiation re- 
ceived by the crystals were approximately the same in all the cases of meas- 
urements. 


A 


(ee) 
T 


D 


iS 


NO) 


Thermoluminescence in arbitrary units 


— 1 = ness 


0 
300 340 Sol SO 460 500 540. 580 
Temperature T °K 


Fig. 3. — The thermoluminescence of LiF irradiated with X-rays (7:10 R.U.). 


The magnetic susceptibility of LiF before and after coloration has been 
measured at room temperature. The magnetic susceptibilities have also been 
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measured for samples partially bleached by heating to different temperatures; 
all measurements have been made after quenching the samples to room tem- 
perature. The changes in magnetic susceptibility are shown ih His CLONE 
temperature variation of the magnetic susceptibility of LiF before and after 
coloration has also been measured between 87°K and 300 °K and the results 
are shown in Fig. 2. 

The thermoluminescence of X-ray-irradiated LiF has been measured by 
the method of Bose (°) which is shown in Fig. 3. The change in area of the 
thermoluminescence curve corresponding to different temperatures has been 
measured by a planimeter. 


3. — Discussion. 


The decrease in diamagnetic susceptibility due to irradiation i.e. Ay is a 
measure of the number of paramagnetic centres created in the process. As 
expected, Ay obeys the Curie law (Fig. 2). Thermal bleaching of colour centres 
is attended by thermolumine- 
scence emission. Thus whatever 
may be the emission mechanism 
during thermoluminescence the 
area under the glow curve should 
be a measure of the number of 
luminescent centres. In Fig. 4 are 
shown the changes in area under 
the glow curve as the temperature 


of the coloured sample is increased ; 


| also the corresponding variation 
in Ay at different stages of bleach- 
seen (Fig. 4) that 
there is a similarity between the 
two corresponding curves. The 
differences in the behaviour of Ay 
and AA are more pro- 
nounced at temperatures well 
below that of the glow peak. But 
it is to be remembered that the 


ing. It is 


À A in cm2-10 


ue li | 
380 420 460 500 
Temperature T °K 


te 
300 340 


540 
curves 
Fig. 4.— Ay and AA as functions of tempera- 
ture for LiF coloured with X-rays. Ay is the 
change in magnetic susceptibility after the 
coloured crystals were heat-treated at a parti- 


cular temperature and AA is the corresponding 
change in area of the thermoluminescence curve. 


(5) H. N. Bose and J. SHARMA: Proc. Nat. 


Phys. Soc. (London), B 66, 371 (1953). 


magnetic data are obtained from 
the quenched samples at different 


Inst. Sci. Ind., 26, 47 (1950); Proc. 
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stages of bleaching, while the thermoluminescence curve is a continuous 
record of the emission; so that an exact correspondence can not be expected. 
It has been shown (*) that the intensity of the thermoluminescence emission 
is not controlled only by the number of F centres destroyed. So it seems, 
that the magnetic changes are also not due to destruction of F centres only. 

The number of paramagnetic centres has been calculated from the relation 
AK = nu?/kT or from the slope of the curve (Fig. 2). The corresponding 
number of F centres has been estimated using Smakula’s equation. The number 
of F centres (N,) is found to be 9.5-10!/cm? and the corresponding number 
of magnetic centres (N,,) is 9.2-1018/em?. 

On comparing the values of N, and N, it is found that the change in mag- 
netic susceptibility cannot be due to F centres only. One may consider 
the number of F centres to be of the same order as the number of V-type 
centres. Assuming all such centres to be magnetically equivalent, the number 
of magnetic centres can be taken as double the number of F centres. But 
the discrepancy between the two concentrations is too large to be explained 
in this manner. The natural conclusion is either the colour centres have mag- 
netic moments higher than the Bohr magneton or X-ray irradiation produces 
additional paramagnetic centres. The second alternative is indirectly supported 
by the fact that plastic deformation in these crystals produces considerable 
decrease in diamagnetic susceptibility. Also it has been reported that large 
changes in mechanical properties (5) of alkali halides are produced by irra- 
diation. So the present result implies that some of the lattice defects other 
than F centres produced by X-rays are paramagnetic. 


* OK OK 


The author is greatly indebted to Prof. H. N. Bose of the Indian Institute 
of Technology, Kharagpur, for his valuable guidance throughout the work 
and to Prof. S. D. CHATTERJEE for his kind interest in the work. 


(6) D. R. FRANKL and T. A. Reap: Phys. Rev., 89, 663 (1953). 


RAGS © UENO) (7) 


La suscettività diamagnetica del LiF decresce per irradiazione con raggi X. La 
differenza di suscettività magnetica del campione prima e dopo la colorazione obbe- 
disce alla legge di Curie. Questo fenomeno è dovuto al paramagnetismo dei centri di 
colore indotti, in predominanza centri /. Dopo un completo imbianchimento termico la 
suscettività diamagnetica riprende il suo valore originario. Si trova che le variazioni 
della suscettività magnetica, che hanno luogo in stadi diversi dell’imbianchimento 
termico, corrispondono approssimativamente all’intensità integrata della emissione 
per termoluminescenza. Dai risultati si conclude che la distruzione dei centri / non 
può dar conto della intensità della emissione per termoluminescenza o delle variazioni 


magnetiche. 


& (*) Traduzione a cura della Redazione. 
+ 
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IL NUOVO CIMENTO Vor. XXII, N. 3 1° Novembre 1961 
Sul decadimento per cattura elettronica del ‘A. 
C. MANDUCHI e G. ZANNONI 
Istituto di Fisica dell’ Università - Padova 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 
(ricevuto il 15 Giugno 1961} 
Riassunto. — Si descrive un’esperienza sul rapporto delle probabilità di 


decadimento per cattura di elettroni dell’orbita L e dell’orbita K relativo 
al 8°A. Il dispositivo impiegato consiste in due contatori proporzionali 
coassiali connessi in anticoincidenza. Il rapporto di cattura, dedotto da 
una serie di dieci misure, risulta in valor medio 0.0971+0.0005. L'energia 
corrispondente al picco L risulta (254+2) eV. 


1. — Introduzione. 


Il rapporto delle probabilità di decadimento per cattura di elettroni del- 
l’orbita L e dell’orbita K è stato determinato sperimentalmente da diversi 
autori per vari nuclidi: il disaccordo fra i risultati rende tuttavia incerta la. 
verifica delle previsioni teoriche (1). 

In questo articolo si riportano i primi risultati di una serie di misure che 
ci si propone di svolgere in modo sistematico e, per quanto possibile, esauriente. 
I risultati qui esposti si riferiscono al 87A, che decade secondo lo schema: 


MASO, pa T,= 34d; 


la transizione è di tipo « permesso ». Il rapporto di cattura L,/K, calcolato in 
base alla teoria di Brysk e ROSE (?), risulterebbe prossimo a 0.08; introdu- 
cendo le correzioni proposte da ODIOT e DAUDEL (*), che tengono conto del- 


(7?) B. L. RoBInson e R. W. Fink: Rev. Mod. Phys., 27, 424 (1955); 32, 117 (1960). 
2) H. Brysk e M. E. Rose: Rev. Mod. Phys., 30, 1169 (1959). 
() S. Opior e R. DaupEL: Journ. Phys. et Rad., 17, 60 (1956). 


— 
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l’effetto di correlazione fra le posizioni degli elettroni, il rapporto si appros- 
sima a 0.10, quando si considerino soltanto le correzioni di Pauli, e probabil- 
mente assume un valore anche maggiore se si introducono tutte le correzioni 
pertinenti. Il contributo al rapporto di cattura L/K relativo ai sottostrati 
Ly @ Lu; è molto piccolo e può essere trascurato. 

Le precedenti determinazioni del rapporto di cattura L/K per il *7A sono 
state effettuate con contatori proporzionali. L’interpretazione dei risultati è 
complicata dal fatto che, per la limitata efficienza del dispositivo, vi è una 
probabilità non trascurabile di fuga di radiazione. Indichiamo con K ed L 
rispettivamente le probabilità di cattura elettronica dai livelli AK ed L; con 
©, il rendimento di fluorescenza per raggi X della serie A del *7C1 e con P la 
probabilità di fuga dal contatore per questi raggi; con k la percentuale della 
componente A, nella radiazione K emessa. Ogni evento di cattura A può dar 
luogo ad un impulso corrispondente nel contatore: 1) attraverso l'emissione 
di un fotone della serie À, che viene assorbito nel gas del contatore, con l’in- 
tensità relativa Kw, (1— P); 2) attraverso l’emissione di un elettrone Auger, 
accompagnato a sua volta da raggi X di bassa energia, entrambi assorbiti 
integralmente nel contatore, con l’intensità relativa K(1—wo,). Per la cattura 
L si hanno analoghe possibilità, con la differenza che la probabilità di fuga per 
i fotoni L è trascurabile: l’intensità relativa degli impulsi corrispondenti si 
può perciò esprimere senz’altro con L. A questi impulsi si aggiungono però 
degli impulsi spuri originati dai fotoni L che accompagnano quei fotoni K, 
che non vengono rivelati dal contatore: l’intensità relativa di questi è data 
da Kw,Pk. Il rapporto delle aree definite dagli spettri L e K risulta pertanto: 


N, LIK+xkP 


Nor 


PONTECORVO et al. (*) impiegarono un contatore contenente Xe, che per 
Valto numero atomico dovrebbe rendere trascurabile la fuga dei fotoni K e 
quindi l’intensità relativa degli spettri L e X determinerebbe direttamente il 
rapporto di cattura L/K: essi trovano un valore compreso fra 0.08 e 0.09; 
LANGEVIN e RADVANYI (°), usando un metodo analogo, hanno ottenuto 


0.092* 50: SANTOS-OCAMPO e Conway (‘), applicando il sistema ad anti- 


coincidenza descritto da CURRAN et al. (7), ottengono, sempre per il *7A, il va- 
lore 0.103 + 0.003, che confermerebbe il risultato teorico calcolato in base alle 


B. Pontecorvo, D. H. W. Kirkwoop e G. C. HANNA: Phys. Rev., 75, 982, 


949). 


Pe 

1 

) M. LANGEVIN e P. Rapvanyi: Compt. Rend., 244, 33 (1955). 
oA. 

ae 


5 ( 
6 
(fi G. Santos-Ocampo e D. C. Conway: Phys. Rev., 120, 2196 (1960). 

. W. P. DREVER, A. MoLysKx e S. C. Curran: Nucl. Instr., 1, 41 (1957). 
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correlazioni di Pauli. Gli errori di queste misure vengono ricondotti princi- 
palmente: 1) all’incertezza nell’estrapolazione a energia zero dello spettro dhe 
2) alla valutazione della linea di base dello spettro. 

Per le nostre misure è stato impiegato un dispositivo analogo, in linea di 
principio, a quello proposto da CURRAN et al. (7). Esso consiste in due con- 
tatori proporzionali coassiali, connessi in anticoincidenza: il catodo del con- 
tatore centrale è costituito da un insieme di fili che ne definiscono il volume 
sensibile; un altro sistema di fili suddivide il volume circostante in otto con- 
tatori proporzionali in parallelo, i quali equivalgono ad un unico contatore 
coassiale col primo. Il dispositivo registra gli impulsi del contatore centrale, 
che non coincidono con impulsi di ampiezza corrispondente al livello A nel 

contatore periferico. Eli- 

minati gli impulsi spuri 
coll’anticoincidenza, gli 

__ impulsi L residui si pos- 
dec sono tutti attribuire ad 


Ve E VSS VIT SI RTE") 


eventi reali di cattura L; 
l’intensità dello spettro K 
a sua volta deriva in parte 
dai fotoni di cattura K 
anodi assorbiti nel contatore 
8 50 pm centrale, e in parte da fo- 
toni K, di origine esterna, 
che compensano con buo- 
na approssimazione gli 
eventi A non rivelati. 


N°60 fili catodici 
g SOpm 


N 


A SS; 


SO 
& 
Li LEX 


2..— Dispositivo sperimen- 
tale. 


Il sistema di contatori 
proporzionali impiegato 
nelle nostre misure è illu- 
strato in Fig. 1. Le pia- 
stre terminali, di plexiglas, 
sono distanziate da bar- 
rette metalliche; l’anodo 
del contatore centrale è 
costituito da un filo teso 
fra terminali di teflon, ai 
quali sono fissati i tubi di 
Fig. 1. — Dispositivo sperimentale. campo. Il catodo di questo 


ì 
Ò 
| 
\ 


92 cm 


Zi 
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AN) 
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contatore è formato da 32 fili distribuiti su una circonferenza di 27.5 mm di 
raggio: il numero di questi è sufficiente ad eliminare gli effetti inerenti all’ac- 
coppiamento induttivo fra il contatore centrale e i contatori periferici. Gli 
anodi di questi ultimi sono distribuiti su una circonferenza di 55 mm di raggio; 
essi sono intercalati con altri fili che assieme al catodo del contatore centrale 
e alla rete di fili più esterna costituiscono i catodi degli otto contatori periferici 
collegati in parallelo. I fili più esterni, di acciaio armonico di 0.1 mm, sono 
distribuiti su una circonferenza di 76.5 mm di raggio; tutti gli altri fili sono 
di tungsteno di 0.05 mm. Sia i catodi che gli anodi del contatore sono isolati 
dall’involucro; i contatori periferici possono essere alimentati colla stessa ten- 
sione del contatore centrale. La lunghezza utile del sistema è di 88 cm; la pres- 
sione massima ammissibile per il gas è di 10 atmosfere. 


Aliment. |+ 


Amplif. 


>| Preampl. lineare 


Amplif 
/ineare 


Preampl. 


Fig. 2. — Schema funzionale del dispositivo di misura. 
5 


In Fig. 2 è riportato lo schema funzionale del dispositivo di misura. Gli 
impulsi del contatore centrale sono adattati ed amplificati mediante un ampli- 
ficatore lineare non sovraccaricabile ed inviati ad un analizzatore monocanale. 
Gli impulsi dei contatori periferici, amplificati con sistema analogo, e gli im- 
pulsi amplificati del contatore centrale, sono inviati tramite discriminatori di 
ampiezza ad un circuito di coincidenza. I segnali dell’analizzatore sono appli- 
cati ad un contatore di impulsi tramite un circuito di anticoincidenza: questo 
risponde solo se l’impulso dell’analizzatore non è accompagnato da un segnale 
del discriminatore connesso all’uscita del circuito di coincidenza. I tempi di 
risoluzione delle coincidenze possono variare da 0.5 a 5 us; al fine di evitare 
un eccessivo affollamento di impulsi al sistema di conteggio, è stato predisposto 
un circuito selettore in grado di anticoincidere gli impulsi con ampiezza supe- 


30 - Il Nuovo Cimento. 
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Ve riore ad una soglia prefissata: con questo accorgimento, le correzioni di tempo 


¢ 

te morto risultano trascurabili. 

va . DIO . . x . . . . 
Si Il dispositivo di misura è stato tarato con un impulsatore di precisione, i 
CÒ cui transienti hanno caratteristiche analoghe a quelle degli impulsi prodotti 


Le dal contatore. 


3. — Procedimento sperimentale. 


\ Misure preliminari sono state effettuate mediante due sistemi di contatori 
analoghi a quelli descritti, ma con diverse caratteristiche costruttive, in parti- 
colare per il rapporto fra i volumi sensibili dei contatori centrale e periferico, 


3 e per il numero dei fili catodici e degli anodi periferici (*). I risultati ottenuti 
abs (ieee 
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mt Fig. 3. — Spettro dei raggi X conseguenti a cattura K del 3A, relativo ai contatori 
da periferici. 


(8) C. ManDUCHI e G. ZANNONI: Nuclear Electronics (A.I.E.A., Vienna, 1961). 
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non differiscono sensibilmente da quelli riportati nel seguito per il contatore 
impiegato in questa misura, il quale permette peraltro una migliore definizione 
della linea di base. 

Il gas impiegato per il riempimento del contatore è una miscela di argon 
con (8--10)% di metano, depurata su Ca a 300 °C e introdotta in una bom- 
bola attraverso un refrigeratore ad azoto liquido. In Fig. 3 è riportato lo spettro 
K relativo al contatore periferico: la risoluzione del picco essendo migliore 
del 24%, la frazione di eventi AK assorbiti ed esclusi dal discriminatore con- 
nesso al circuito di coincidenza è certamente molto piccola. 


4. — Risultati. 


In Fig. 4 è riportato lo spettro dei raggi X, conseguenti a decadimento 
del *’A, relativo al contatore centrale. in anticoincidenza con il contatore peri- 


1000] 2.82 keV 
L 
E 
E 
= 
Q 
£ 500 
0 254 keV 
te 
L 
0 1 2 3 4 
Energia (keV) 
Fig. 4. — Spettro dei raggi X conseguenti a decadimento del *’A, relativo al conta- 


tore centrale in anticoincidenza con i contatori periferici. 
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ferico; la risoluzione del picco K risulta migliore del 22%. Il picco L è mo- 
strato in particolare nella Fig. 5: il fondo naturale, non sottratto allo spettro, 
è indicato con linea tratteggiata. L'attività presente tra i due picchi sembra 
doversi attribuire a degradazione della radiazione conseguente a cattura: com- 
plessivamente essa non raggiunge il 2 0? degli eventi K. Nella valutazione dello 
spettro L si è supposto che questa « linea di base» si prolunghi sotto tutto 


il picco. 
400 
300) 
= 
IE 
ane 
& 
100;- 
0 10 20 30 
Ampiezze 
Fig. 5. — Spettro dei raggi X conseguenti a cattura L, relativo al contatore centrale 


in anticoincidenza con i contatori periferici. Il fondo naturale, indicato con linea trat- 
teggiata, non è sottratto. 


L'intensità degli eventi L è stata determinata sottraendo al conteggio 
integrale il fondo naturale e la linea di base, ed aggiungendo l’attività relativa 
alla zona di bassa energia ((0--40)eV) valutata per estrapolazione grafica. Il 
contributo inerente a questa estrapolazione si aggira intorno allo 0,5% del- 
l’attività L totale, e pertanto un errore nella valutazione di esso non influenza 
sensibilmente il valore del rapporto L/K. 
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L'intensità degli eventi AK è stata determinata sottraendo al conteggio 
integrale il fondo naturale. 

Per la valutazione del rapporto di cattura L/K dalle intensità N, e N, 
degli eventi L e K, determinate sperimentalmente, è stata applicata la relazione: 


aa [1 (esi P.)og] — (PE P,+ P;)@rk , 


dove P, è la probabilità di fuga dei fotoni AK dalle estremità del contatore cen- 
trale, P, la probabilità che essi incontrino i fili catodici, P, la probabilità che 
essi attraversino il contatore periferico senza esserne rivelati, P, la probabi- 
lità che essi raggiungano l’involucro metallico. 

Questa relazione differisce da quella proposta da DREVER e MOLJK (°) in 
quanto il nostro dispositivo presenta una zona di gas che isola il sistema di 
contatori dall’involucro a potenziale zero. La presenza di questa zona com- 
porta una diminuzione della probabilità di fuga dal contatore e migliora la 
risoluzione del contatore periferico. 

I valori delle probabilità P, alle diverse pressioni sono stati calcolati se- 
condo PRICE et al. (1°); in particolare, per la pressione di 3 atmosfere si ottiene 
E LOUMOS EP; == 1,.23210-*; P;—=1.00"10%%P/—= 21:80 “107. “Per ilerendi= 
mento di fluorescenza ©, è stato assunto il valore di 0.093 (11), mentre l’ab- 


TABELLA I. 


Pressione Attività = E; 
(atm) (imp/min) ME, LE (eV) 
2 26.185 0.0973 0.0965 250 
2 26.239 0.0969 0.096 1 257 
2 30.134 0.0956 0.0948 256 
3 25.074 0.0967 0.096 1 248 
3 17.134 0.0966 0.0960 256 
3 23.027 0.0964 0.0958 253 
3 27.388 0.098 6 0.0980 255 | 
3 17.367 0.098 6 0.098 0 250 | 
+ 19.310 0.1004 0.1000 268 
4 19.604 0.0999 0.099 5 252 | 
L/K media 0.097 1+0.0005 
E, media 254 +2 eV 


(?) R. W. P. Drever e A. MoLJK: Phil. Mag., 2, 427 (1957). 
(19) B. T. Price, C. C. Horton e K. T. Spinney: Radiation Shielding (Londra, 


1957) cape 
(11) F. BERTRAND, G. CHARPAK e F. Suzor: Journ. Phys. et Rad., 20, 956 (1959). 
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bondanza relativa % dei fotoni Æ, nella serie K è stata considerata prossima 
all'unità. | 

I risultati delle misure sono esposti in Tabella I. Il rapporto di cattura L/K 
per il #7A risulta ‘in valor medio 0.0971 con errore standard di 0.0005. 

In Tabella I sono riportate, nell’ultima colonna, le energie corrispondenti 
al massimo del picco L, ottenute attribuendo al livello K energia di 2.819 keV (1°): 


"Pa A valor medio di 254 eV, con errore standard di 2 eV, è maggiore di quello 
‘di 238eV che si ricava per interpolazione dai dati spettroscopici (1). 


ae Ringraziamo il Prof. A. RostAGNI per le utili discussioni sull’argomento 
LA TR APRES j 
_., del presente lavoro. 

\ 


TAC 
Zu 


(2) Y. CaucHOIS: Journ. Phys. et Rad., 16, 253 (1955). 
(43) R. D. Hitt in K. SIEGBAHN: Beta- and Gamma-Ray Spectroscopy (Amsterdam, 
1955), pp. 914-919. 


TICA SUMMARY 


The L and K X-radiations of 8°C1 resulting from orbital-electron capture have been 

Ki studied using a special multiwire proportional counter system. The Z/K-capture ratio 

na of %7A has been determined to be 0.0971--0.0005. The average energy of the L peak 
bs was found to be (25442) eV. 
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The Angle of Divergence of Pairs Produced by Photons 
in a Crystal. 


A. LEVI 


Istituto di Fisica dell’ Universita - Genova 


(ricevuto il 24 Luglio 1961) 


Summary. — The distribution of the angle of divergence of pairs pro- 
duced by high-energy photons in a erystal differs in many features from 
the usual one-atom distribution. This difference is calculated by taking 
into account the number of reciprocal points corresponding to the various 
angles. The result is, that, if the photon beam incides on the crystal 
normally to a lattice plane, although the total cross-section is less than 
the one-atom cross-section, there are some angles where large constructive 
interferences occur. If, on the other hand, the photon beam makes a small 
but finite angle 6 with the normal to a lattice plane, the crystal distri- 
bution oscillates around the one-atom distribution. Numerical calcu- 
lations have been performed by means of an «IBM 650» computer. 


Introduction. 


The total cross-section for pair production by photons in a crystal has 
been studied by ÜBERALL (1). I evaluate here by similar methods the effects 
of the crystal structure on the distribution of the angle of divergence of 
the pair, which in the following will be termed simply the pair angle. Natural 
units are chosen (4 =c=m=1). 

The essential quantity which defines the interference properties of the 
crystal is, in the Born approximation (1) 


(1) NF—|Sexpliq-L]|, 


where q is the momentum transfer, L is any lattice vector, and N is the total 


(1) H. UBERALL: Phys. Rev., 103, 1055 (1956). 
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number of atoms in the crystal. F is called the (perfect) lattice structure factor 
and it can receive a simple geometrical meaning, as we shall see later. The 
net effect of the crystalline structure on the differential cross-section is mul- 
tiplication by the factor 


F'= exp|—Ag](F— 1) LL, 


— 
bo 
— 


F' is the «real lattice structure factor ». A is a function of temperature, de- 
pending on the crystal properties, and representing approximately the mean 
square reticular vibration. It can be calculated in Einstein’s approximation, 
in Debye’s approximation as ÜBERALL does, or in à better approximation as 
in Schiff’s paper (2), but its exact value is not really important (besides the 
order of magnitude) as long as it is small enough, and in any case can affect 
only the numerical values but not the mean features of the phenomenon. 

Both F and F’ are functions of q which, as it is easy to see, by referring 
to a representation in the reciprocal lattice, become improper in the limit of 
an infinite crystal, and in practice for macroscopie crystals. In fact if we de- 
fine the cell structure factor 


(3) nf = \Dexplig-1}, 


where the sum runs over the atoms contained in the cell, we find 


n 3 sin? 7N,9; 3 4 
(4) P "i TI £ (q rca Dqb:; a,b, =: 2706 ix) 3 


jay SIN? 74; il 


So F is negligible unless all the q,’s are integers, in which case it is equal to 
n *Nf, that is, very large. Only the reciprocal lattice vectors contribute. 

On the other hand, it is easy to see that the function f —1 (which needs 
to be considered only for integer q;’s) is an oscillating funetion, and we can 
say that its mean value is small over a region in qg-space whose smallest size 
is larger than the inverse of all the distances between the atoms in the cell. 
The mean value of f, and therefore of F, over such a region is close to 1. 

The mean F of F is equal to the sum of the f°s corresponding to the points 
contained in the region divided by the volume of the region measured in 
cells of the reciprocal lattice. 

tu now so small a region is considered, that the electrodynamical cross- 
section, written as a function of q, be approximately constant in it and equal 

ur i qa » DOT “an SA à + . 
to do/dS, and if the measure of the region is called simply 38S, that region will 


(2) L. I. ScHIFF: Phys. Rev., 117, 1394 (1960). 
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contribute to the total cross-section, in the amorphous ease, the amount 


: do 
D SN reni S . 
(5) Oan(9 - ) ds 5 è 


In the crystalline case, if also the factor exp[—Agq?] can be considered ap- 
proximately constant in 3S, the same region will contribute instead the 


amount 


(6) Cer(dS) i P'Ixm(88) ro Cam(d8) + exp iS Ag](F ve iB) = DINI ’ 


If we are interested in the contribution to the cross-section of a large region S 
of the g-space we merely have to break it down into smaller regions 3$;: 


(7) C209) OO) IS) 


having called 


(8) 0'(8) = X exp [— Art FES) (TS) 38, 
(8°) 0"(8) = fer [— Aq?] de ds. 


Ss 


It is possible to write o’ as an integral, but not o’ because of the ensemble 
function F. However, even to calculate o’, a passage to the limit is necessary 
(we shall make the largest diameter of the small regions tend to zero) which 
will have to be made in a way depending on the special problem to be discussed. 

I call o' the interference correction and o” the vibration correction. Both 
contain the factor exp[—Agq?] which, decreasing rapidly as q increases (A is 
at least of order 100), will allow drastic approximations, and it will be pos- 
sible consequently to write o' and o” in closed form. 


1. — The pair angle and its representation. 


The pair angle © is connected with the total momentum of the pair 
p-+p_="; by means of the following relation: 


(9) p+ p° + 2p.p_ cos@ = 7?. 
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su On the other hand as the photon momentum k and y=e,/k are kept fixed, 
p, and p_ remain fixed too, because of the energy relations (844 e_= k): 
bi (10) pp tise = ky’, 

40 ma 

2 (10’) po +l—e = k(1 — y}. 

1 

eo I neglect Schiff’s correction (2), because for pair production any long range 
o effect of the crystal potential V,, cannot affect appreciably the electron waves 
TOR as long as % is small compared with 1/V,, which is of the order 100 GeV. 
a So we have a one-to-one correspondence between 7 and ©: as @ varies 
“4 from 0 to x, n decreases monotonically, from p;+p- to |py— p-|. On the 
ea i other hand, momentum conservation gives 

an (11) k=q-+y 

he and consequently, as 7 is fixed, the distance between the varying point in 
#4 C q-space and the end of k is fixed, that is any surface 7 = const in g-space is 
Me a sphere, having the end of k as its centre and 7 as radius, and it is at the 
i 14 same time a surface m= constant. As 7 is less than k, these spheres do not 
Sa 3 contain the origin, but pass near it. 

n: È But since we are now interested only in the interference and vibration 
Ra corrections, which become substantially small for g >1/V A, we are allowed 
“aim to consider not all the surface of these spheres, but just the small area near 
i: é the origin of g-space and contained in a sphere having the origin as its 
Me centre and —1/VA as radius; that area does not exist unless the minimum 
di value of q (which is approximately 2/k) becomes small enough, that is % must 
«END be far away from threshold. But when % is large enough, so is 7 compared 
ni with g and the solid angle becomes so small that the area can be approximated 
= È with a plane. In fact the maximum value reached by the solid angle is ap- 
“Vf proximately 7/164?, that is extremely small for all solids, even at 0 °K. Thus 
pst we can consider approximately plane circles. 

+3 The calculation of o” presents no difficulties: we merely have to integrate 
se: the differential cross-section, multiplied by exp[—-Ag*], over these circles or 
Te, 


over the whole planes, which is about the same thing because of the exponential 
factor. But to calculate o’, it is necessary to consider the position of the 
vector k with respect to the reciprocal lattice. We can introduce here Uber- 
all’s hypothesis: that a crystal plane exists, being almost perpendicular to the 


pi; vector k. Corresponding to this, there is in the reciprocal lattice a crystal 
axis (which henceforth will be termed simply the axis) forming with k a small 
in | angle 0, the crystal angle. Otherwise, as we shall see, the difference between 
oo! and o”, that is between the crystal cross-section and the amorphous one, 
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is small. The hypothesis allows us to overcome the bulk of the difficulties 
arising from crystal structure. Like ÜBERALL, we shall approximate all crystal 
planes normal to the axis with continuous planes and so reduce the crystal 
to a succession of planes. 
In this case we shall be able to say that F is just the ratio between the 


sum of the fs referring to the various planes times the areas of those planes — 


contained in the region, and the volume of the region divided by 2x/a; the 
last quantity is the distance between the neighbouring planes, if a is the lat- 
tice constant in the direction conjugate to the axis. The axis must have a 
direction bearing a simple relation to the crystal structure, but may not have 
one of the principal directions: for instance in the cubie structure, all we said 
is true even if we chose the diagonal in place of the side of the cube. 

The crystal behaves now as an unidimensional lattice, and f can be re- 
duced to a succession of numbers f,, where h is the order number of the plane 
starting from the origin, (we use Uberall’s notation here) in the form: 


D n 


(12) = = De, 008 2thdy +1, 
UNE 


where d,, is the component of the distance between the k-th and the k'-th 
atom in the cell in the direction conjugate to the axis. 


2. — The electrodynamical cross-section. 


It is possible to write the Bethe-Heitler differential cross-section, in the 
case of exponential screening, in the following form: 
1 W 


(13) do Oo 2a (A+ q?)? ds , 
0 


where do is cross-section in g-space, and we have put 


(14) W=W,+W,+W;+4, 
where 
(141) W,= [K?(1 + a?) — 22 &](A, Ry + AR), 
(14°) W,=— 2k%e(A,R}— A_RI), 
[ 221 — 02) + (A+ &9)[2— 2kA + (+ a), 


I 


al) W=-] TIE 


IO pl (R= + R=), 


= 
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and 
ARABES OF Re = S bal aU, B= $ka+té; 
Y 1 ee ASA): RE 2 1 KA Te) i 
C = gl de 5 = 22 + & 37 4 (k ri ZA ) 5 È ? 
il 12 1 1 il k?2 | il | 
4 2172 = Sa : = kA + 21] 2 
ae ne AL +56): U= 7 (k= a 2° 


We have put in all these formulas: 
æ — 2y — 1; A=k—- 9; E = Vq?— 22; 
besides 


o, = 0°Z? = 3.8585-10-7Z?; do = 9.01-1074Z7#. 


These expressions have been obtained by BORSELLINO (private communi- 
cation) and appear only slightly transformed here. Now I shall introduce the 
notations: 


The maximum value of 2 is approximately (2/s)>2; and we can take &? smaller 
than A. As a consequence « is of order 10-? or less and it is possible to 
neglect its square. Besides we shall suppose that the energy is large (k > m). 
These approximations give, in the first order in wu, 


(15) Wa 8k?2[(1 + x2)s + 4se(1— 2s2)]w, 
or 

aa Ee 
(16) Wadi, 


having put 


(17) T= 28 — 1 + 2t — 283; 


I 

| 
S 
~ 
(>) 

| 
Hs 


where ©, is the characteristic angle of the pair. Substituting (16) into (13) 
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we find 


Co 4TE? 


RI = S 5 
27h}? (4° + qi)? ee 


(18) do 


On the other hand, we have 


di 


ds d¢,dq, dq; dé dé d\=dé,dé, q 
1) 


o 
dw ~ — dé, dé, do , 
Wo 


and finally we find 


do Oo 0) 47 & 
dw  2rk7? wy. (q?+ qe) 


(19) dé, dé, . 


Now we are ready to evaluate the interference and vibration corrections. 
We shall begin with the former, which depends on the crystal angle 0. It is 
necessary to consider separately the case 0= 0, as it presents singularities in 
the cross-section. For the moment, we shall suppose 0 #0. 


3. — Interference correction: 0 0. 


When 0 is different from zero, the sphere, corresponding to @ fixed, cuts 
a large number of lattice planes. Such planes can be given the label h, an 
integer from —oco to + co, in such a way that the vector k points towards 
the positive h’s. The interference correction is a series whose terms refer to 
the various harmonics in the Fourier expansion of the potential in the di- 
rection conjugate to the axis. 

To calculate any term of the series it is necessary to study the behaviour 
of the mean perfect lattice structure factor F. We shall begin by choosing 
our region, over which to average. If the sphere © — const (which will be 
approximated with a plane as usual) is given a small thickness b, the h-th plane 
will cut it along two straight lines, which define a long rectangular stick whose 
short sides are b and bctg0. Following our definition, we find 


b 
= 27 sin 0 2rtÎn 
(20) LS a ‘'hbctg0  abcos 0 


Now the a-axis is taken in the plane of k and its projection on the h-plane, 
the y-axis in the h-plane, and the z-axis in the direction of k. If we divide 
the stick into small slices 5S; of length Ôq,,, the mean F in each slice will be 
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the same, and we shall have 


(21) F(SS8,)88; == no b? ctg 0 oda = a sin ee fn Qui I 
It is possible to put dg,,= $é,; and b=3Z= (0/0) do. Thus we find 

do, dose 

— a 8 y 

do > Sisto a sin e sen 03 HE) + Wo 51, 

and taking the limit 06, 0 we obtain 
do, Oot’ à E 
22 = % — Ag] ——- dé, 
0 
having put 
5 27h 
DST Ga A fata eee ag Ta A (EE ES 


For sake of simplicity we shall now introduce new notations: 


AA MOSS Ago Ana aa 


The integration can be performed and gives 


dorer do, 


do «do 
do, ot 7, exp[Q] 
“ | it + Pan 0 ot A ~ hOn 


1 = 
| C,=% fb (A+ Qo) Gr = i) Y;}erfe Yi / (A+ Oe) ae exp[— Yl, 


(erfe is the complement to the usual error integral). 


4. — Interference correction: 0 — 0. 


When 0 is equal to zero, in general there is no interference, since the sphere 


È = const cuts the reciprocal lattice planes far outside the region surrounding 
the origin in which the reticular vibrations do not cancel the whole effect. Only for 
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such values of w, that the sphere ©= const be approximately tangent to 
one of the h-planes, is the interference possible and even extremely strong. 
I shall call @, those exceptional values of w: clearly, À can be only positive 
in this case. 

Now the interference correction to the distribution of the pair angle is a 
kind of «line spectrum », and we are interested not so much in the shape of 
_ the lines as in their position and intensity (i.e. the total interference correction 
corresponding to the line of order h). 
| The position of the line is found without any difficulties. It is defined by 
the condition that 2 be equal to an integer h times the reciprocal reticular 
_ parameter 27/a; on the other hand we have approximately 


Ss is 
24 = 2— + — - @? 
( ) 2 k SE Sh, MO”; 
and so we find 
has 82 
(25) où DA \/ —— 


Hence we see that the line of order h exists only if k/s is greater than a/hz; 
thus, as the photon energy increases, the line of order 1, which afterwards 
will be the strongest of all, appears last. 

To calculate the intensity there are two equivalent possible methods. The 
direct method is the integration of do, over all pair angles before taking the 
limit 6 — 0. 

But it is much easier to relate the intensity of a line to the vibration cor- 
rection, to be calculated in the next section. In fact we have 


À FR 2anla+ò 
lo, “do” do 
5 I Sh do; ST A Sli OT ay 
(26) 030) ue dw oe a ae W de je Der] dd us 
5 Dp—E 27h la—ù 
2rhla+ò 
Lee Ph | “do” EE 27h \(5> 
ii SU eae ent, e 
tim tim F (0,57, 6) {az = tim F (0, jf) 
2rhla-d 
HE 2 ,) 27 1 È la o=o 
= (22) rim POP yg _ 2A II 
da A1=2nhla 970 20 a (d4/do)s = y 


and so we are allowed to obtain the intensity of the line from the vibration 
correction calculated at the line. The direct calculation gives the same result, 


of course. 


ty 
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Now we shall say something about the «natural breadth » of such a line. 
To evaluate it we can reason as follows; the sphere m=, does not really 
coincide with the h-plane, it is only tangent to it, and the plane, in a region 
far apart from the axis, will go through larger spheres, 1.e. smaller m’s. But 
because of the factor exp[—Agq?] of which the significant part refers to the 
component of g perpendicular to the axis, the broadening is very small. In 
fact we have 


Lk 
dî = n, = = n° — i= = 2p.p_— (COS © — COS n) ® de OO, ©) . 


So we can say that the line has a natural breadth of order 


28 


27 oven SI 
( ) : k2? Aq, 


In practical cases 6, may be some 107 rad at 1 GeV. 


5. — The vibration correction. 


Taking polar co-ordinates in the &-plane we have 


da 
ds RI Fa È da dé dg . 
and therefore 


do’ a 
do | do 


do 
n far font Aq?| eue. 


where the spheres @= const have been approximated with planes as usual. 
On the other hand, as 


do lo) È2 


—_ = e 4 S 
dS 2rkd? "(B44 gg)” 


does not depend on y, the factor 27 at the denominator cancels, and we have 


Pee ER es i i ; E 
radi cs | Co) tr | exp AS Te pa pg = 
LAN +® ae 
= 5 CT | orn 4 + 1) exp [Q,1£2;(— À — Q,) Far A} : 
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The calculation of the correction (due to the crystal) to the distribution 
of the pair angles is now complete. Of course the distribution itself is not 
very well known even in amorphous substances, and so the formulas are more 
suitable for a comparison between the pair production at various 6’s than for 
a direct quantitative measurement. 

Finally we have to show that, if 0 is not rather small, o’ does not differ 
much from 6”, and therefore the total correction is small. This corresponds 
simply to show that for large 0 the sum 


+ co 


ra + du 7 x Da 
— 1 © 3 5 3 ee] SSA q7, A e i 
a sin 0) 2 h (pean g? Se AP ag? p | (%%, + Qu AE 


27 


can be approximated with the integral 


+ co 


qu SE 0, 2 2 42 
| CRE ETAT [- Ade + ly + 4) dG. - 
x | ATE TIT 110 


—œ 


In fact r, is the q, corresponding to a given h-plane, and we have |r,,, — 7, | = 
= 2a/a Sin 0. Besides the average of f, is 1. We have merely to show that the 
difference between the integrand 2 calculated at the plane h and the same in- 
tegrand at the plane h+1 is negligible: we have the condition 


5) ) | 

| LG : dQ aoe 
e pe 

whence we draw 

: 2x. | d È 
(29) sin0> — moi 
a dq, 
4nq,{ 1 > 7 A4nlg|A_ 4nvVA 
COEN OM EE TER ET AE 


(taking into account the fact that |q,| is of order 1/44). In the case of 
diamond, at absolute zero, this would be equivalent to 0 > 8°. So the con- 
dition is very stringent, and in fact the correction may not be negligible even 
at fairly large crystal angles. In this case, however, the full symmetry of the 
crystal must be taken into account. Our treatment, as well as Uberall’s, is valid 
only for small 6’s. 


31 - II Nuovo Cimento. 
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6. — Results. 


The numerical calculations have been performed by means of the digital 
computer IBM 650 of the «Centro di Calcolo Numerico dell’Università di 


Genova». The series appearing in (23) converges rapidly. 
1000 
800 
600 
400 


200 


0 2 4 6 8 10 12 14 16 18 


Fig. 1. — Vibration correction in diamond along a principal axis at room temperature. 


The behaviour of the net correction has been plotted vs. © for various 
values of 9. Diamond was chosen for numerical computation, as it presents 
large Uberall effect seven at room temperature, because of it shigh Debye 
temperature. For sake of simplicity, the side of the cube was chosen as the 
axis. The photon energy was taken to be equal to 1 GeV, and y to be 3 (equi- 


partition). 
TABLE I. Numerical values of w, and 07. 
h | O) O,/O 
| 

| 0.004 867 | 0.353437 
2 0.007 180 | 0.066 715 
3 | 0.008911 | 0.022449 
4 | 0.010358 0.009 507 
5 | 0.011625 | 0.004566 
6 0.012767 0.002374 
7 | 0.013816 0.001303 
8 | 0.014790 0.000 743 
9 | 0.015703 | 0.000 463 
10 0.016 567 0.000261 
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Net correction. 0--0.01 rad. 


200 


100! 


Fig. 3. -- Net correction. 0=0.02 to 
0.04 rad. 
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In the case 0 — 0, apart from the lines, we see just the vibration correction, 
which is a net negative correction with a minimum in the region of the small 
ws (around 1.35 millirad), and falling exponentially to zero beyond say 
10 millirad. So the small angle region is affected negatively by the crystal, 
and the mean pair angle is thereby increased. The lines are found rather in 
the large angle region. Their intensity and position are given in Table TE 


Fig. 4. — Net correction. 0—0.05 and 0.06 rad. 


The intensity is to be compared with the total intensity of symmetric pair 
production, which, in the same units, is 12.19 (for amorphous ‘carbon at the 
high energy limit). So the first line gives a corrections of about 3% OL all 
symmetric pairs. Increasing 0, the lines begin to broaden and at the same 
time the principal minimum becomes weaker. Near 0 =20 millirad ie ee 
facts appear: the net correction in the region of very small w’s becomes posi- 
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tive (the plane 4=0 contributes more and more) and the maxima appear 
doubled. The last fact was unexpected. Then, as 0 increases, the maximum 
corresponding to h=0 grows, while the principal minimum diminishes and 


Fig. 5. — Net correction. 0=0.07 to 0.09 rad. 


the other maxima appear broadened and more and more doubled. The situa- 
tion in the neighbourhood of 0 — 90 millirad is almost reversed compared to 
the neighbourhood of 0=10 millirad. In place of the peaks there are minima 
(which are even negative) coming from the saddle-shaped tops of the peaks; 
the minima lying between two peaks have disappeared or become much weaker 
and are going to be substituted by new maxima arising from the union of the 
second part of the foregoing peak with the first part of the following one; the 
principal minimum is weak now and also much narrower than before; but 
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the peak of order zero, which did not even exist at 0= 10 millirad, is now 
already decreasing, and somewhere, near 0= 120 millirad it will be sepa- 
rated from the origin by a new negative region, that is, the net correction 
for very small pair angles will become negative again. In fact in the (0, ©) 
plane we have: many negative regions along the w-axis, which form the prin- 
cipal minimum and all the minima which lie between the lines; then a snake- 
shaped positive region, which touches the m-axis at the lines, and the ÿ-axis in 
a large band going from 0 = 18 millirad to 0 = 120 millirad; all the rest of 
the plane, i.e. the region of large Os, is a slightly negative region (but this 
last feature is not very significant, since our approximations are not valid in 
this region). 

The statement made by ÜBERALL, that the average over all 6’s of the cor- 
rection must be zero, because it refers to so large a region in g-space that 
(in our notation) F cannot differ significantly from 1, seems to be approximately 
true for any fixed wm. Of course, much less credit can be given to the other 
statement, following which the correction should tend quickly to zero with 
increasing 0. We have already seen that it is not so, and indeed the first and 
the second statement do not agree with each other. The large slightly negative 
region seems to be necessary to balance the strong maxima of the snake- 
shaped region, and it would be very difficult to think that at large 6’s the 
correction is really zero. If a larger A is chosen as suggested by SCHIFF (?), 
the large pair angles are less affected by the crystal structure; and accordingly 
the lines are weaker. 
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RIASSUNTO 


La distribuzione delle coppie prodotte da fotoni di grande energia in un cristallo 
rispetto all'angolo di apertura differisce in diversi aspetti dalla distribuzione consueta 
nel caso amorfo. Questa differenza è calcolata contando i punti reciproci corrispon- 
denti ai vari angoli. Il risultato è che, se il fascio di fotoni incide sul cristallo normal- 
mente a un piano reticolare, mentre la sezione d'urto totale è minore di quella di un 
atomo isolato, in corrispondenza di certi angoli ha luogo una fortissima interferenza 
costruttiva. Se invece il fascio fa un angolo 6, piccolo ma non nullo, con la normale 
a un piano reticolare, la distribuzione nel cristallo oscilla intorno a quella del caso 
amorfo. I calcoli numerici sono stati fatti per mezzo di una calcolatrice « IBM 650 ». 
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Thermomagnetic Study of Metals by Electron Diffraction. 


S. YAMAGUCHI 


Institute of Physical and Chemical Research - Tokyo 


(ricevuto il 25 Luglio 1961) 


Summary. The temperature of the object bombarded with an electron 
beam (150 kV, 0.1 mA) is measured with the magnetic method. Invar 
(Ni: 36%, Fe: 64% by weight) with the known Curie point (250 °C) 
and nickel with the known saturation induction in the function of tem- 
perature served as the reference objects for the experiment. The Lorentz 
effect observable in the diffraction pattern obtained from the magnetic 
substance was applied to the present thermomagnetic analysis. The two 
temperatures 40° and 300°C were controlled for the objects under the 
given conditions. The thermomagnetic anisotropy found in the hexagonal 
lattice of cobalt was revealed by the present electronic processes. The 
[110] induction in this crystal increased about 200 G when its temper- 
ature rose from 40° to 300°C at H = 5 000 Oe. 


1. — Introduction. 


In the present study, an electron beam with a certain wavelength was 
utilized for heating the object by the electronic bombardment, for its crystallo- 
eraphie orientation by the diffraction procedure, and for its magnetic analysis 
by the aid of the Lorentz effect. The electron beam here used is characterized 
as follows: 

wavelength: 0.03 A (about 150 kV), 
electronic current: 0.1 mA, and 
cross-section of the electronic flux: 0.1 mm. 


2. — Magnetic measurement of temperature. 


2°1. Preliminary process with invar. — Powder of invar, whose Curie point 
was about 250°C, was employed as a reference specimen for measuring the 
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temperature of the specimen bombarded by the electrons. The particles of 
this alloy were attracted at the sharp edge of a magnetized razor blade (rema- 


nence: about 5000 gauss). In this way the particles 


Electrons of the specimen were kept in a given magnetiza- 
tion. An electron beam grazed these magnetized 
È particles not oniy to preheat them, but also to give 
9207 edge ND <— Object rise to a diffraction pattern subjected to the Lorentz 
effect. The experimental arrangement is illustrated 

e, Me Arrangement in Fig. 1. 


for the experiment. The Lorentz effet in the function of temperature 


was observed in the following process. Fig. 2 is a 
double diagram consisting of the diffraction pattern from the cold state of the 
specimen and that of its hot state. The pattern was first photographed from 
the specimen kept as cold as possible. Here the specimen was irradiated with 
the electrons only for 0.5 s. 
The pattern from theh ot spec- 
imen, which had been preheat- 
ed by the electronic irradia- 
tion for two minutes, was su- 
the 


The position of the 


perimposed upon former 
pattern. 
specimen, that of the photo- 
graphic plate, and the wave- 
length and the current of the in- 
cident beam were all kept con- 
The 


double diagram thus obtained 


stant in these processes. 


is shown in Fig. 2. 


It is noticeable in 


Fio. 2 


hat the diffraction rings fromt 


Pio. 2. 


The diffraction 


Double diagram. 


the cold and the hot specimens 


are eccentric from each other. 


This means that the magnetiz- 


ation of the former specimen 
is different from that of the 
latter. This ring eccentricity 


AZ leads to the estimation of 


the induction change A/ caused by the temperature elevation. 


pat- 
tern from the cold specimen of Invar (40 °C) and 
that from its hot state (300 °C) are superimposed. 


Ring eccentricity means the difference of the 
Lorentz effect between these two states. Wave- 


length: 0.0299 À. 


tive enlarged 2.3 times. 


Camera length: 495 mm. Posi- 


We have a 


relation between AZ and AZ in the present arrangement: 


(1) 


AZ = - 
h 


ALI 
Te 
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where e means the electron charge (1.6-10-? e.m.u.), 2 the waveleng thof the 
electrons (0.0299 A), Z the camera length (495 mm), À the Planck’s constant 
(6.6-10-?? erg-s), and / the effective magnetic path traversed by the electrons (*). 
We obtain AJ = 300G if /=3 um is assumed here. This A/-value agrees 
approximately with the known saturation induction of invar at room temper- 
ature (1). This drastic change of the induction suggests that the temperature 
of the specimen exceeds its Curie point (250°C) under the hot condition in 
Fio. 2. 


It was observed in the experiment, as a matter of fact, that some particles 


of the specimen left the razor edge in Fig. 1 when they were strongly irradiated 
with the electrons. This means that the Invar specimen has exceeded its Curie 
point so that it has behaved 
paramagnetic. There are found 
the diffraction rings character- 
istic of Fe,O, (magnetite), 
which is the inclusion in the 
Invar specimen. This ferromag- 
netic substance with high Cu- 
rie point (575 °C) held the Invar 
particles attracted at the razor 
edge even after their temper- 
ature had exceeded 250°C. 
This verifies that the temper- 
ature of the specimen remained 
always below 575 °C under the 
present conditions. 

Fig. 3 is a double diagram, 
in which the pattern from the 


Fig. 3. — Double diagram. The two patterns 
Specimen irradiated with the from the specimen whose temperature has already 
electron beam for two minutes exceeded its Curie point (250 °C) are superimpos- 
is superimposed upon that from ed. No ring eccentricity. 
the specimen irradiated for four 
minutes. There is found no ring eccentricity here This means that the 
specimen was always paramagnetic in these circumstances 

It was already demonstrated that the temperature of the cold specimen 


(*) It is difficult to determine precisely this effective magnetic path /. The present 
circumstance is more complicated than that formulated by eq. (1). This formulation 
could be completed by assuming / empirically. 1-3 um and 2 um were assumed for 
Figs. 2 and 5 and for Fig. 6, respectively. These /-values are a little larger than the 
grain size of the specimen. 

(1) R. M. BozortH: Ferromagnetism (Princeton, 1956), pp. 446 and 723. 
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in Fig, 2 remained about 
talline diffraction pattern 


Ss. 


10°C (room temperature: about 20°C) (*). 
was, as a matter of fact, observable from paraffin 


OC I 
SEE 75I(Fes EEE 
500} 
paramagnetic 
| ferromagnetic 
HOUR Ea edna eam tay Pon XIV 
| 
250 = SS 
i 
| I 
| | 
| I 
| | 
100+ 
| ji 
CO) ee ele ee PAS ee: XII 
aL L 
O 86) 150 100% 
NE 
22. 


cold and the hot specimens is shown in Fig. 5. 


to that in Fig. 2 is recognizable 
in Fig. 5. We obtain AT =~ 200G 
from Fig. 5 according to eq. (1), 
AZ=0.20 mm and 
A=0.0336 À. The AI-value 
agrees with the difference 
the 


where 


be- 


tween known saturation 


snes, fife Double diagram of the 
nickel specimen at 40°C and at 
300 °C. Ring eccentricity. These 
two states correspond to the 
III I OSIO St 
Wavelength: 0.033 6 A (*). 


points and 


(Gh Sis 


YAMAGUCHI 


1 2 


A Crys- 


(melting point: 45°C) under the same 


conditions as for the cold specimen 
in Fig. 2. 
The magnetic transition curve of 


the Fe-Ni system is shown in Fig. 4 (1). 
The points I and II on this diagram 
the 
specimen in Fig. 2 and 


correspond to low temperature 


the 
temperature specimens in Fig. 2 and 3, 


to high 


respectively. 


Fig. 4. The magnetic transformation dia- 
gram of the Fe-Ni system. Points I 
II correspond to the cold state in Fig. 2 
and to the hot states in Figs. 2 and 3. 


and 


Process with nickel. — The same procedure as for the Invar specimen 
was carried out for powder of nickel. 


The double diagram obtained with the 


The ring eccentricity similar 


YAMAGUCHI: Zeits. angew. Phys., 8, 221 (1956). 


() Here the rather long wavelength was employed in order to enlarge the weak 


ring eccentricity. 
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induction of nickel at 40°C and that at 300°C (3). The points III and IV 
indicated in the diagram of Fig. 4 correspond ot the cold and the hot speci 
mens in Fig. 5, respectively. Here, the temperature rise is not high enough 
to exceed the Curie point of nickel (360 °C). 

It is concluded in this way that the temperatures of the cold and the hot 
specimens are 40°C and 300°C under the present conditions. 


3. — Thermomagnetic anisotropy of cobalt. 


The [100] or the [110] induction in the hexagonal lattice of cobalt increases 
with the temperature rise. This induction increment amounts to about 200 G 
for a temperature rise from 40°C to 300 °C at H= 5000 oersted. On the 
other hand, [001] induction remains 
constant in this temperature change. 
This thermomagnetie anisotropy found 
in the hexagonal lattice of cobalt 
has been studied by the present pro- 


cedure. 


Fig. 6. Double diagram from a Fig. 7. — A partial domain of Fig. 6 is 9 

single crystal of cobalt at 40 °C and times enlarged. The separation of the dif- 

at 300 °C. The incident beam is pa- fraction spots is similar to the ring eccen- 

rallel to the (110) and the (112) tricity in Figs. 2 and 5. The strong and 

planes. Wavelength: 0.0288 À. Posi- the weak spots correspond to 300 °C 
tive enlarged 3 times. and 40 °C. 


The coarse grains of cobalt (size: about one um) were treated through 
the same processes as for the Invar and the nickel specimens. A double diagram, 
in which the diffraction pattern from the cold specimen (40°C) is super- 


imposed upon that from the hot specimen (300 °C), is shown in Fig. 6. In 


(3) S. Kaya: Ferromagnetism (in Japanese) (Tokyo, 1957), p. 100. 
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this figure, the electrons run parallel to the (110) and the (112) planes, and the 
magnetic field from the razor edge is perpendicular to the (110) plane. 
A small domain in Fig. 6 is further enlarged in Fig. 7 in order to investigate 
the fine structure of the diffraction spots. It is noticed in Fig. 7 that any 
diffraction spot is separated by a constant distance. 
This phenomenon is quite similar to the ring 
I eccentricity in Fig. 2 and 5. Fig. 7 verifies that 
1400+ i the [110]-induction in the cobalt lattice at 40°C 
| 40°C is different from that at 300 °C 
1200 le It is possible in Fig. 7 to distinguish the « cold » 
from the «hot» diffraction spots. The «cold » 
spots were photographed with a very short expo- 
sure time (0.5 s), whereas the «hot» spots were 


I (gauss) 


l 
1000- | 
| 
photographed with an elongated exposure time 

0 2500 5000 Hoersted) (78). The former spots, therefore, appear weaker 
Fig. 8.— The isothermal /-H than the latter in Fig. 7. It is recognized accord- 
rod for! L110) induction. ine to the relation among the direction of the 
a Sen ka a magnetic field, that pe LE incident beam Li thay 
«cold » and the « hot » spots of the thermomagnetic displacement of the diffrac- 
in Fig. 7. tion spots, that the « hot» spots are subjected to 


a stronger induction than the « cold » spots. 


We can calculate the thermal induction increment from Fig. 7 according 
to eq. (1). We obtain AJ = 200 G here, where AZ = 0.18 mm. À — 0.0288 A, 
and 1~2 um (*). This AZ-value is in accordance with | 
the known difference between the [110] induction at Dede 
40°C and that at 300°C at H=5000 Oe (3). The 
points I and II indicated on the two isothermal 
I-H-curves in Fig. 8 correspond to the «cold» and 
the « hot » spots in Fig. 7, respectively. 

The orientation of the lattice in relation to the 
incident electrons is illustrated in Fig. 9. Here, the 
electrons, the (110) plane and the e-axis are parallel to 
the paper face. The (001) and the (112) planes and Fig. 9. — Orientation of 
the lattice in relation to 
the incident beam. The 
(110) plane, the e-axisand 
not observed in an orientation other than that for the incident beam are 
Fig. 6. £.g., the thermal change of the Lorentz ef- parallel to the paper face. 
fect was not observed at the diffraction spots under The (112) and the (001) 
the present conditions when the (001) plane is oriented eee are RAR 


NESS. to it. The magnetic field 
yarallel to the incident beam ai rpendicular . Nie 
pare é and perpendicular to — ;. perpendicular to the 


the magnetic field. (110) plane. 


I 
Y C-axis 
il 


the magnetic field are perpendicular to the paper face. 
This termomagneti¢ anisotropy in the lattice was 


(*) See note on p. 2. 


4192 


THERMOMAGNETIC STUDY OF METALS BY ELECTRON DIFFRACTION 493 


4. — Discussion. 


The diffracted electrons run nearly parallel to the corresponding net planes, 
because the wavelength of the electrons is satisfactorily short. The diffracted 
electrons give, therefore, directly the information on the induction perpendic- 
ular to the corresponding net planes according to the Lorentz effect. 

The electrons passing through a material are subjected to the total re- 
flexion (*). The electrons advancing straight through the material are consid- 
erably masked by the incoherent electrons. Only the diffracted electrons 
are, therefore, of use for the study of the induction found in the material. 

The above-mentioned two points should be noticed in the present work. 


(4) Z. G. PINSKER: Electron Diffraction (London, 1953), p. 167. 


ILA) Wl IND) O) 


Si misura col metodo magnetico la temperatura di un oggetto bombardato da un 
fascio di elettroni (150 kV, 0.1 mA). Invar (Ni 36%, Fe 64%, in peso) dal noto punto 
Curie (250 °C) e nichelio, di cui è nota Vinduzione di saturazione in funzione della 
temperatura, servirono come campioni di riferimento nell’esperimento. L'effetto Lorentz, 
osservabile nelle figure di diffrazione ottenute dalla sostanza magnetica, venne appli- 
cato per questa analisi termomagnetica. Le due temperature di 40°C e 300 °C vennero 
riscontrate sugli oggetti nelle condizioni esposte. L’anisotropia termomagnetica, riscon- 
trata nel reticolo esagonale del cobalto, fu messa in luce anche da questo procedimento 
elettronico. L’induzione [110] di questo cristallo aumentò di circa 200 G quando la 
sua temperatura passò da 40°C a 300°C ed H — 5000 Oe. 


(*) Traduzione a cura della Redazione. 
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A Redeterminations of the Panofsky Ratio. 


V. T.-Coccont (*), T. FAZZINI, G. FIDECARO, M. LEGROS (”), 
N. H. Lipman and A. W. MERRISON (**). 


CERN - Geneva 


(ricevuto il 26 Luglio 1961) 


Summary. — The Panofsky ratio has been measured using an NaI(Tl) 
y-ray spectrometer. The accuracy is limited by the statistical error and 
not by the resolving power of the spectrometer or by other sources of 
systematic errors. The final result is P=1.533-+0.021. 


1. — Introduction. 


Since ANDERSON and FERMI (!) first showed the connection between low- 
energy pion-proton scattering and pion photoproduction, a great deal of work, 
both theoretical and experimental, has been done to put this connection on 
a sound basis. For some time it seemed that quite serious discrepancies existed, 
which even led to the invention of a new particle (*) in order to explain them. 
However, in the last three years, largely because of the careful theoretical 
work of BALDIN (?), CINI, GATTO, GOLDWASSER and RUDERMAN (3), and 
HAMILTON and WOOLCOCK (1), it has become clear that no such drastic rem- 
edies are required to remove the disagreements which still exist. On the other 


(*) On leave from Cornell University, Ithaca, N. Y. 
(**) Groupe de Physique des Hautes Energies, I.I.S.N. 


(***) Now at the Nuclear Physics Research Laboratory, Liverpool University. 


Liverpool. 


(1) H. L. ANDERSON and E. Fermi: Phys. Rev., 86, 794 (1952). 

(?) A. BALDIN: Nuovo Cimento, 8, 569 (1958). 

(3) M. Cini, R. Garro, E. L. GoLpwasser and M. RUDERMAN: Nuovo Cimento. 
10, 243 (1958). 


(4) J. HAMILTON and W. S. WooLcock: Phys. Rev., 118, 291 (1960). 
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hand, questions such as the momentum dependence of the s-wave scattering 
phase-shift, and the ratio z~/x* in photoproduction on free nucleons at zero 
energy require more accurate experimental work in the whole field of low- 
energy pion physics. With this in mind we have made a careful redetermi- 
nation of the Panofsky ratio, which forms the connecting link between meson 
scattering and photoproduction. A preliminary result has been reported at 
the 1960 Rochester Conference (5). 

When a negative pion is absorbed from the A shell of a mesic hydrogen 
atom the following reactions occur: 


(1) UG |) —+ ]] 7 
(2) RP pia 
(3) Tir D =. 


Reaction (1), the mesonie capture, produces a neutron of 0.4 MeV and a 
neutral pion which decays in flight leading to the final channels: 


(1a) Nee yy 
(1b) ay +e-+et 
(le) n+e+e+e+4+e. 


where channel (1a) is two orders of magnitude more probable than channel (1b) 
and four more than channel (1c). The y-rays produced in channels (14) and 
(1b) have energy lying in a continuous spectrum that extends uniformly from 
55 to 83 MeV. 

Reaction (2), the radiative capture, gives a monoenergetic y-ray of 129 MeV 
and a neutron of 8.9 MeV. 

Reaction (3) represents the cases in which there is internal y-ray con- 
version and has about 1° probability of occurrence, relative to reaction (2). 

It has been customary in the literature to define the Panofsky ratio as 
the branching ratio between mesonic and radiative capture, 1.6. the ratio 
(1)/(2), which in practice generally meant the ratio of the two dominant 
channels, (1a)/(2). However, the number that has the greatest physical meaning 
is actually the branching ratio between the events involving strong interaction 
and all those involving electromagnetic interaction. In this paper we thus. 
redefine the Panofsky ratio as follows: 


(1) 


ET)" 


(5) Proc. of the 1960 Rochester Conference (New York, 1922), pp. 625-26. 
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which is equivalent to 


(la) + (1b) + (le) 
(2) + (3) | 


However (le) is completely negligible. 

This new definition seems necessary, both for semantic reasons, and be- 
cause the present experimental accuracy warrants consideration of the small 
effects caused by reactions (1b) and (3). 


2. — The experimental problem. 


In recent years several determinations of the Panofsky ratio have been 
made by various authors (see Fig. 13, for the bibliography and à summary 
of the results). The techniques used can be grouped into two classes: a) 
counters; b) H, bubble chambers. 

With bubble chambers, one lets the beam of slow pions come to rest in 
the liquid hydrogen and one identifies reactions (1b) and (3) by observing the 
electron pairs. One must then use theoretical values for the branching ratios 
o = (15)/(1a) and o’= (3)/(2) to compute the Panofsky ratio. With our defi- 
nition, é.g., one has 


where / is the experimental ratio (10)/(3). Obviously one depends heavily 
on the choice of the values for 0 and 0’, whose evaluation suffers from serious 
theoretical uncertainties. 

The usual counter technique consists in defining a beam of pions stopping 
in a hydrogen target and recording the y-rays that arise directly from the 
radiative capture and indirectly, via decay of the neutral pion, from the 
reaction of mesonic capture. One therefore measures directly the contribution 
of the two main reactions, (1a) and (2). Reaction (3) goes undetected, and 
reaction (1b) is in general detected with an efficiency which is half the effi- 
ciency for reaction (1a). However, reactions (3) and (1b) can be corrected 
for later, and even an approximate knowledge of the branching ratios O 
and g' is sufficient, since the total correction is very small. (Actually, the 
correction for (1b) practically cancels out the correction for (3).) Therefore, 
the accuracy of the determination of the Panofsky ratio in this case essen- 
tially rests only on the accuracy of the esperimental procedure. 

For these reasons we have chosen a counter technique for a determi- 


€ 


nation of the Panofsky ratio aiming to an accuracy within (1--2)% 
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The main esperimental problems in a counter experiment of this kind are: 


1) the accurate separation of the two y-ray spectra typical of the two 
reactions; 


2) the substraction of the background of y-rays arising from sources other 
than pions stopping in hydrogen. 


For a good separation of the two y-ray spectra, a spectrometer of par- 
ticularly good resolution is needed. Preliminary tests indicated that the very 
large NaI(T1) crystal already used at CERN in a search for the u > e4-y 
mode of decay (5) was well suited to this experiment. In fact, though a 
‘complete separation of the two spectra could not be obtained, it was found 
that their overlap was sufficiently small (1.6% of the total area) to be easily 
unfolded by determining the shape of one of them separately. 

In our experiment we chose to separate the radiative capture reaction by 
selecting those y-rays (129 MeV) which were associated with 8.9 MeV neutrons 


emitted in the opposite direction. A careful identification of these neutrons 


was needed to guard against the possibility of spurious coincidences caused 
by the two y-rays produced by the decay of the 7° from the mesonic capture. 
In fact, if one out of 1000 events of mesonic capture had simulated the 


coincidence between a y-ray and a neutron, the Panofsky ratio is lowered. 


by 3%: 

The 8.9 MeV neutrons were recorded by a telescope with low sensitivity 
to y-rays and besides were identified by their time of flight from the H, target 
to the telescope. With these requirements, all y-ray contamination was eli- 
minated, except for those few cases in which statistical fluctuations in photo- 


multiplier transit time and in the light emission in the scintillators have caused 
a y-ray pulse to have a delay comparable with that of an 8.9 MeV neutron. 


A quantitive verification that this residual contamination was negligible 
was provided by a subsidiary experiment. A two-dimensional spectrum of 
the observed time of flight of the particles reaching the neutron telescope 
and of the pulse-height of the correlated y-rays in the Nal(Tl) spectrometer 
was recorded simultaneously with the main experiment. The two-dimensional 
spectrum provided a better understanding of the background in the neutron 
telescope and gave us confidence in the method of neutron selection. 

The problem of the background of y-rays in the Nal(Tl) counter arising 
from sources other than pions stopping in hydrogen turned out to be essen- 
tially a shielding problem -and a problem of the choice of a suitable geo- 
metry, as indicated by a series of preliminary investigations. The shielding 


(5) J. ASHKIN, T. Fazzini, G. Fiprcaro, N. H. Lipman, A. W. MERRISON and 
H. PAUL: Nuovo Cimento, 10, 1266 (1959). 


32 - Il Nuovo Cimento. 
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problem was made easier by the fact that the general background in the 
CERN SC experimental hall is small. i, 

The design of the experimental layout, that included the construction of 
a special hydrogen target, is discussed in detail in the next section. Section 3 
contains also a description of the electronics. Details of the properties of 
the NaI(T1) counter are given in Section 4, and the characteristics of the 
H,-target appendix in Section 5. Section 6 summarizes the results. The anal- 
ysis and the conclusions are in Section 7. 


3. — Experimental arrangement. 


31. Layout of the apparatus. — The experimental layout is shown in Fig. 1. 
Table I gives details 

| 128 Mev of all counters. 

TT -MeSONS 
Counter 1 and 2 
defined the incom- 
ing beam of nega- 
tive pions produc- 
ed by the CERN 
RER 600 MeV synchro- 
rieur cyclotron and fo- 
, Pb-converter 3 

2! cused by two quad- 


Pb-coll/mator - — 


8a 9 8b ahs 
rupole lenses. The 


----0 
D 
N 


i! i pions were then 
La slowed down in à 

copper moderator, 
| Nal traversed counter 3 


024 6 810 i 
À 5 ho cm Fig. 1. — General lay- 
op Gamma-telescope out of the experiment- 
TABLE 
Counter No. 1 3 I) em? 
Counter No. 2 | By Oe OL 
Counter No. 3 | SMI 
Counter No. 4 DOM SU 
Counter No. i | Lome la les 
Counter No. 6 | (MTS AU 
Counter No. 7 | ANI 
Counters No. 8,. 8‘ 22002950 
| Counter No. 9 | 20 x20x4 
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and entered the liquid hydrogen target (5 cm in diameter) behind which was 
located the large anticoincidence counter 4. 

The y-rays were selected in the telescope formed by the anticoincidence 
counter 5, a 2mm thick lead converter, and counters 6 and 7 in coincidence 
to detect the electrons produced by the y conversion inside the lead. 

The neutron detector consisted of counter 9 (4 em thick) sandwiched be- 
tween the two anticoincidence counters 8 and 8’, which were connected by 
light pipes to the same photomultiplier. The recoil proton made by a neutron 
in counter 9 would not be detected in 8’, but the electron pair from a high- 
energy y-ray converting in 9 would also produce a pulse in 8, and so be 
rejected. 

The geometry of the apparatus was designed to be as compact as pos- 
sible. Counter 3 was small and located only 4 em from the centre of the H, 
target to ensure good definition of the slow meson beam. The y-telescope 
was located so as to maximize the solid angle useful for y-detection. On 
the other hand, the size of the Pb-converter was chosen so as to guarantee 
that all conversion electrons, even those at the widest accepted angles (412°), 
could cross the whole length of the Nal crystal. The geometry of the y-tele- 
scope determined that of the neutron telescope as the latter must subtend 
an angle not smaller than that entered by the y-rays, in order to avoid geo- 
metrical corrections. This sets a limit on the distance of the neutron counter 
from the target, i.e. on the 
neutron flight path, and À 
hence on the discrimination 
against y-rays that the time- 
of-flight technique could 
provide, of H, target 

To minimize the number 4 
of pions stopping in mate- / $ 
rials other than hydrogen, 


+ \j 
counter 3 was made only seni RO 


NT 
SI 


/ thickness equivalent 


Coincidences 1234567 
© 
= 


HO4 


1 mm thick, the target walls 35 lige 50 55 rea > 
only 0.07 g-cm-? thick, and Moderator thickness (g/cm?) 

all other materials in the Fig. 2. — Differential range curve for the incoming 
target were kept well away pions. 


from the useful region. The 
protective shielding is not shown in the figure. The whole apparatus was sur- 
rounded by 3 to 4m of baryte-loaded concrete blocks except for an access 
aperture. 

The energy and energy spread of the incoming pion beam were deter- 
mined on the basis of the range curve of Fig. 2, which was obtained by recor- 
ding the coincidences 1234567 for different thicknesses of the Cu-moderator. 
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The result is (128-+4) MeV, corresponding to a momentum spread Ap/p & +2%. 
The equivalent thickness of the hydrogen target is indicated in the figure. 
The beam intensity was ~ 10 000 pions/s over the useful area of (3 x 3) cm°. 


32. Electronics. — A simplified block diagram of the electronics is shown 
in Fig. 3. All coincidence circuits used had a resolving time of ~ 10 ns. 


Cia 


Scalers | Monitor 12 


Ge pe 
a En] 222 
rm se 


Scalers | 1234567 


C1237567 


s[+ bie 123456789 
D : LABEN C 31 
re Ci23256789 MUIR i= aa= = SSS aS SSS SS > 7 
6 Ta pen o MEA, 


Discrims 


priming 


Zero crosser 


Address unit 


Fig. 3. — Simplified block diagram of the electronics. 


Coincidences 12 monitored the incoming beam, coincidences 123 defined the 
beam of slow pions (*), coincidences 1234 selected the pions stopping in the 
target, while the y-rays associated with a stopped meson were identified by 
coincidences 1234567. 

The pulses from the NaI counter were analysed by a LABEN pulse- 
height analyser, Mod. C 31, whose 200-channel memory was used here split 
into two parts of 100 channels each. 

The coincidence 1234567 primed the digitizer n. 1 of the LABEN to 
analyse the response of the Nal counter. The encoded signals were then fed 
into the address unit of the memory. All y-ray pulses were addressed to sto- 
rage in the first part of the memory (channels 1 to 99), except for those that 
were recognized, by means of the procedure described below, to be 129 MeV 


(*) Coincidences 123 were recorded part of the time by switching off counter 4. 
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y-rays in coincidence with 8.9 MeV neutrons. These events were addressed 
to the second half of the memory (channels 101 to 199) by a hundreds-binary 
switch unit primed by a «neutron gate ». 

Therefore, the second part of the memory recorded the « neutron-gated 
y-ray spectrum », %.e., events of radiative capture only. The «total y-ray 
spectrum » could then be obtained by summing, channel by channel, the 
pulses contained in the two halves of the memory. Of course, in the neutron- 
gated spectrum only a fraction of the events of radiative capture are present, 
a fraction (11% in our case) that depends on the neutron telescope efficiency 
and on the number of neutrons scattered in the liquid hydrogen. 

The method employed here has the obvious advantage of eliminating the 
effects of possible drifts in the electronics and in the Nal response. In fact, 
the total and partial spectra to be compared are not only simultaneously re- 
corded, but indeed have their pulse height measured by the same encoder. 

The «neutron gate » was made as follows. The output of the coincidence 
between a pulse in the y-telescope and in the neutron telescope, 123456789, 
was used to prime a time-to-amplitude converter (7) which used the pulses 
from counters 9 and 6 as «start» and «stop» signals respectively (*). The 


output of the time converter gives the time-of-flight spectrum of the particles 


reaching the neutron telescope in slow coincidence with a y pulse in the Nal 
counter. An example of such spectrum is shown in the bistogiam on top 
of Fig. 9: the peak of the 8.9 MeV neutron is visibile as well as the spurious 
peak of the y-rays arising from r°-decay in mesonic capture, as indicated in 
Section 2. The total width at half height of the y-ray and neutron peaks 
are of 1.4 and 2.1 ns respectively, and the two peaks are ~ 4 ns apart. The 
output of the time converter was connected to a single channel pulse-height 
analyser, so as to select a given portion of the time-of-flight spectrum. The 
window was centred on the neutron peak and its width was adjusted so as 
to cut away the y-ray contamination. The two threshoids of the window 
had an indetermination in their position as small as 0.1 ns. The «neutron 


gate » used to prime the hundreds-binary switch of the LABEN memory was 


thus available at the output of the single-channel pulse analyser. 

The procedure for the choice of the position and width of the window 
was based on the following experiment. First, the time-of-flight spectrum was 
recorded on a C.D.C. multi-channel pulse-height analyser gated by the output 
of the single-channel analyser. Thus only that part of the time-of-flight 
spectrum which occurs inside the window was displayed and the lower and 
upper thresholds could be easily set at the sides of the neutron peak. Secondly, 


(7) G. CuLLican and N. H. Lipman: Rev. Sci. Instr., 31, 1209 (1960). 
(*) The start and stop pulses were reversed from what would seem to be logical, 
purely for technical reasons. 
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the neutron telescope was made very sensitive to y-rays by switching off the 
anticoincidence counters 8, 8' and putting a 3 mm lead converter in front 
of counter 9. It was thus verified, on the multi-channel pulse-height ana- 
lyser, that the now large y-ray peak fell well outside the chosen interval. 
The two ungated time-of-flight spectra obtained in these auxiliary experiments 
were similar to those in Figs. 9 and 10. 

Fig. 3 also shows the subsidiary recording device used to obtain the two- 
dimensional spectrum mentioned in Section 2. The output of the time con- 
verter was amplified and fed into the digitizer n. 2 contained in the LABEN, 
primed by the same gating pulse as the digitizer n. 1. The encoded outputs 
of digitizers nn. 1 and 2 were then fed into scalers and recorded on a tape. 
This provided a 100x100 matrix that recorded for each event the height of 
the pulse produced by the y-ray in the NaI, and the time delay of the asso- 
ciated pulse, if any, in the neutron telescope. The CERN Mercury-Ferranti 
computer was instructed to print this information and to sort out those events 
that did have an associated pulse in the neutron telescope. 


4. — The Nal (TI) counter. 


The Nal(Tl) counter used in this experiment was supplied to CERN by 
the Harshaw Chemical Co. of Detroit, Mich., equipped with three 3” 
Dumont photomultipliers, type 6363. The phosphor is cylindrical in shape, 
20 cm in diameter and 20 cm thick, made in two pieces, each half the total 
thickness, glued together. 

The counter was magnetically shielded and also thermally insulated and 
kept at constant temperature (— 27 °C) with an accuracy of a few tenths of 
a degree. 

It was used as indicated in the diagram of Fig. 4. The output time 
constant was of ~ 40 us to fit a double delay line differentiating amplifier 
of the type described by CoTTINI et al. (5), made by LABEN. The output 
cathode follower was normally operated with the attenuator indicated in 
the figure. The attenuator was short-circuited when the counter was calibrated 
with radioactive sources. 

The performance of the counter was studied as follows: 


a) Effect of high counting rate: the system counter--amplifier + pulse- 
height analyser was tested with a “Co source at counting rates variable from 
1000 to 70000 pulses/s. No appreciable distortion of the spectrum was observed. 


(*) C. CortINI, E. Gartt and E. ZaGLIo: Energia Nucleare, 6, 588 (1959). 
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b) Long run stability: the position of the Co peaks was checked daily 
for a period of about one month. No drift was observed. Similarly, no drift 
was observed in the position of the Panofsky y-ray peaks during the course 
of the experiment. 
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Fig. 4. — Circuit used for the Nal counter. 
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c) Low-energy resolution: Fig. 5 shows the spectrum obtained with the 
Co source. The resolution is ~ 8%. 


d) High-energy resolution: the counter was tested in a beam of posi- 
trons from the CERN Synchro-cyclotron, with energies from 25 to 110 MeV, 
as described by ASHKIN et al. (°). It was found that the shape of the reso- 
lution curve was completely independent of the positron energy in the range 
explored. Fig. 6 shows a plot of the results for positrons of 110, 74 and 53 MeV, 
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Fig. 5. — Spectrum of ®Co recorded using the NaI counter. 
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i.e., in the range that 
covers the energy interval 
of interest for the meas- 
urements of the Panofsky 
spectrum. The resolution 
is of —_ 17%. The higher 
tail of the 110 MeV curve 
is caused by positrons 
arising from decay of the 
m and ut contamination 
in the beam. No 7* and ur 
contamination was pres- 
ent at the lower ener- 
gies, as these particles 
could be easily removed 
by an absorber located 
in the beam. No differ- 
ence in resolution was 


observed when the useful cross-section of the positron beam was increased from 


5em to 9.5 em in diameter. 
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Fig. 6. — Normalized resolution curve of the Nal counter obtained using positron 
beams of 53, 74 and 110 MeV, respectively. The higher tail in the 110 MeV curve 


is spurious, as it is caused by positrons arising from decay 


of pions and muons con- 


taminating the beam. [o 53 MeV: ; © 74 MeV; A 110 MeV]. 
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5. — The liquid hydrogen target. 


The very compact geometry of the experiment and the need of reducing 
the background of pions stopping in materials other than hydrogen required 
a target of unconventional design, with 360° thin walls and outer walls very 


close to the liquid hydrogen. 
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Fig. 7. — Sketch of the appendix of the liquid hydrogen target. The dotted lines indi- 
cate the configuration of the outer wall when not under vacuum. 


The upper part of the target, containing the hydrogen and nitrogen res- 
ervoirs was roughly similar in design to that described by WHALIN and REITZ (°), 
The target proper was contained in an appendix fastened below it and made 
as sketched in Fig. 7. The liquid hydrogen container was a cylinder made 


(9) E. A. WxaLIN and R. A. Rerrz: Rev. Sci. Instr., 26, 59 (1955). 
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from mylar foil 0.2mm thick, 50 mm in diameter, with useful height of 
145 mm, glued (*) at the bottom to a Cu cup and at the top to a Cu flange 
screwed to the H, reservoir and sealed to it by an Indium gasket. A cylin- 
drical radiation shielding 75 mm in diameter surrounded the target, with 
two walls, one of aluminized mylar (2/100 mm), the other of 1/10 mm Al foil 
for mechanical strength. 

The outer wall, holding the vacuum, was a cylinder, 110 mm in dia- 
meter, made from mylar sheet 25/100 mm thick, glued on top to the vacuum 
chamber and at the bottom to a thick (3 cm) brass plate. This plate was 
pulled downwards by three adjustable tension cables fastened to the table 
supporting the whole target. Under vacuum, the outer walls get deformed 
as indicated in the drawing. The minimum distance at which one could 
locate a counter was then less than 40 mm from the centre of the hydrogen 
container. 

The total wall thickness of the target was 0.074 g cem-?. In the experi- 
ment, counter 3 selected in the target a region only 30 mm high and 30 mm 
wide located at the centre of the thin-walled cylinder 145 mm high. AI 
heavy materials were therefore sufficiently remote, that they produced no 
background. 

Hydrogen gas, and not helium, was always used to help the transfer of 
the liquid hydrogen from the dewar to the target, to avoid possible conta- 
mination due to the solubility of helium in liquid hydrogen. 


6. — Results. 


The data recorded during the experiment are summarized in Table II. 


TABLE Il. 
5 ies tite Total Neutron-gated 
y-Tays y-rays 

n HE ZO 2.68 - 108 HAO OY! 51092 1469 

a i È i 

© NOME, 4.18-108 4.18-107 7.54-108 404 3 

È HE 139-109 1.40-108 3.60 -107 26476 726 

a : = fe 

© MOL 3.89-108 4.01 -107 6.85: 106 156 1 


(*) All glueing of mylar with metals and with itself was made with Araldite, 


by CIBA-BINACA, S.A., Basel. ie 
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The «no H,» runs were taken after removing the liquid hydrogen from the 
target (the H, gas was left in). The runs with and without hydrogen were 
alternated during the whole experiment. The data are grouped in two series. 
The main experimental modification after series 1 was the addition of the 
Pb shielding S (see Fig. 1). This reduces strongly the background in the y-ray 
spectra due to those events of charge exchange produced by mesons in flight 
in the Cu-moderator, in which one of the y-rays from the 7° decay reaches 
the y telescope, while the other produces a shower reaching counter 3. 

The total «no H,» count was 5.1% of the total « H,» count in series 1, 
and 2.1% in series 2. About one half of this 2.1% can be explained by meson 
capture in the H, gas left in the target when the liquid hydrogen is removed, 
and the rest by capture in counter 3 and in the target walls. 

From the data of Table II (grouping the two series), as well as from the 
comparison of the range curve of Fig. 2 with the thickness equivalent of the 
target and of the other materials around it, one may deduce the information 
collected in Table III. 


TABLE III. 
HS no H, 
12B—1®8A1 0.74 0.82 
Pions stopped in liquid hydrogen 0.08 == 
Pions stopped in materials other than liquid hydrogen 0.05 0.05 
Pions missing counter 4 0.13 0.13 
123 1.00 1.00 


The 13% labelled «pions missing counter 4» consist mostly of mesons scat- 
tered in the Cu-moderator so as to miss that counter, but hitting counter 3. 
These mesons do not contribute to the y-ray spectra. 

The numbers of y-rays and neutron-gated y-rays listed in Table II are 
respectively the total number of counts recorded in both parts of the LABEN 
memory, and in the second part only, as explained in Section 3. 

Fig. 8 shows examples of these pulse-height spectra, produced by pion 
capture. The total y-ray spectrum is shown in Fig. 8a, while Fig. 8b shows 
the spectrum arising from radiative capture only. The spectrum obtained 
in the corresponding «no H, » run is also indicated in Fig. 8a. 

The shape of the neutron-gated spectrum, as well as the shape around 
its maximum of the high-energy peak of the total spectrum are compared in 
Fig. 8b with the shape of the resolution curves obtained when the Nal counter 
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was exposed to positron beams, as described in Section 4 The agreement 


is surprisingly good. 
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ne. i Fig. 8. — Example of a total y-ray spectrum, as recorded by the Nal counter (Fig. 8a). 
gi The first peak arises from the y-rays produced in mesonie capture, the second peak 
Der from the y-rays produced in radiative capture. The background obtained when the 
«x. liquid hydrogen was removed from the target is also plotted normalized to the same 
È } Ù . . . . . 
at number of incoming pions. Fig. 8b shows the corresponding neutron-gated y-ray 
to spectrum that arises from the radiative capture only. This spectrum is compared in 
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È around its maximum, as well as with the resolution curve obtained by calibrating 
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Le spectrum; -~——— positron calibration. 
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Fig. 9 reproduces the matrix described in Section 8, obtained in normal 
May i running conditions. The events plotted here are only those in which the Nal 
; pulse produced by a y-ray was associated with a pulse in the neutron telescope. 
The Nal pulse height distribution is plotted horizontally (large pulses on the 
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right), while the time delays from the neutron telescope pulses are plotted 
vertically (small delays at the bottom). One can see a concentration of large 
pulses at relatively large delays (several nanoseconds) and a number of small 
pulses at small delays. The former are the true events of radiative capture, 
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Fig. 9. — Each dot in the matrix corresponds to an event and indicates the pulse height 
of the Nal pulse caused by the y-ray produced in the event, and the time delay 
relative to the velocity of light of the corresponding pulse in the neutron counter. 
The two horizontal lines show the delay interval used to obtain the neutron-gated 
spectrum. The dotted vertical line shows the position of the cut chosen for the final 
analysis. The histogram on top of the matrix is the pulse-height spectrum of all the 
Nal pulses. The histogram on the side is the time-of-flight spectrum of all the neutron 
telescope pulses. This matrix contains a sample of 676 events, and was taken in 
normal running conditions. 


while the latter represent the cases in which one of the two gammas from 
the decay of the 7° from mesonic capture hits the neutron telescope and the 
other the y telescope. These events are about 7% of the true events. This 
interpretation is proved correct by the matrix reproduced in Fig. 10, which 
was obtained when a 3 mm Pb converter was put in front of the neutron 
telescope, and the anticoincidence 8 switched off, thus enhancing detection of 
y-rays in the neutron telescope. 

The few large pulses at very large delays in Fig. 9 can be interpreted 
as being caused by those 8.9 MeV neutrons that were scattered in the hydrogen 
or in the target walls and thus lost energy. 
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Fig. 10.- Same matrix and histograms as in Fig. 9, but taken when a 3 mm Pb-converter 


was placed in front of the neutron telescope, and the anticoincidence counters 8 and 8’ 
were turned off. This matrix contains a sample of 222 events. 


7. — Analysis of the results and conclusions. 


For the analysis of the results we have at first assumed, as in all pre- 
vious counter experiments, that our apparatus detected only reactions (1a) 
and (2) and have therefore computed the traditional Panofsky ratio, 7.e., 
(1a)/(2). The value directly obtained from the data is called Pio and that 
modified to take into account some systematie effects inherent in our deter- 
mination is called P.,..- 


The final value of the Panofsky ratio according to the definition in Section 1, 


DES (1a) + (1b) 


PETER 


is obtained later, by correcting for the occurrence of reactions (1b) and (3). 
For the determination of Pre we have analysed, with the method de- 
scribed below, each of the two series of data summarized in Table II. Their 
results were then averaged. 
‘The «no H,» background normalized to the same number of 12 coinci- 
dences was subtracted channel by channel from the y-ray spectra recorded 
in the «H,» runs. The total y-ray spectrum was then cut into two parts, 
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N, and N, (see Fig. 11), at an arbitrary channel X, above which the contri- 
bution of mesonic capture is small. N, contains the part N x, due to mesonic 
capture plus the tail N, of the radiative peak extending below channel YX. 
N, contains the part N, due to radiative capture plus the small tail N,,, of 
the mesonic peak extending above channel LY. 


Total y-ray spectrum 


Partial radiative spectrum 


channel number 


Fig. 11. — Analysis of the results. The mesonie and the radiative capture spectra have 
been arbitrarily resolved to show the meaning of the symbols used in the analysis. 


Similarly, the cut at channel X splits the neutron-gated spectrum into 
two parts, N) and N,, where N, contains the tail N. of the radiative peak. 
plus a small contamination of events of mesonic capture, tal =PN,,, with 
B<1 in our case. Ne is completely negligible. 

If the efficiency for detection of the neutron-gated spectrum is the exper- 
imental ratio a = NJ(N:- N.) then the radiative peak is (N + N° — BN) ic 


and the number of mesonic and radiative events are in the ratio 


(1) pr MN. (N + Ni— BNn,)|o 
ae ON iN ye ee 


where the factor 4 derives from the fact that there are two y-rays for every 
n° from mesonic capture. 

For N,/N,<1, one may write «= (N,/N2)(1 HN. IN:));,swhere Ne 
—kN_+N,), with k<1. 

Expanding in series for BN, /(Ni+ N.) <1, expression (1) becomes: 


i NAN | B 
= = LE(S PEU) PIE PER) pre 
(2) F ; SAR TEE ( fk) i Pek) > 
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di The second term LIA the correction due to the tail of the lows 

* +, energy peak extending above channel X, while the third term represents the À 
iM correction due to mesonic y-ray contamination in the neutron-gated spectrum. — 
aS As these corrections are very small in our case, the Panofsky ratio will be … 
«first calculated using only the first term of expression (2). The corrections 
agi will be taken into account later, along with other small systematic effects. 
Ho. i The contribution to the error in P’ due to the statistical uncertainties 

+ SM of the experimental values N,, N,, N : and N 4 are : 
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4 yo} and the total error AP’ is the square root of the sum of their squares. 

se Si Finally, we calculate P..cow. == £P', where e = &,/e, is the ratio of the de- 
FAR tection probabilities for a 129 MeV y-ray and for a y-ray with energy from 


fp vi 55 to 83 MeV. To compute this ratio we have used the pair production cross 


TABLE HAN 


Series 1 | Series 2 , 
È | f 
| 
N, 36 687 + 228 | 19 537+ 147 | 
N, 11786+136 6372+ 82 
Mi 139+ 11.8 634 7:3 
T! | 
NI, 1330+ 36.5 | 673+ 25.9 
a RI 1.3618 1.3846 
i i pe È 4 
aye’ A 
FOR AP'(N:) 0.875: 102 1.069 : 10-2 î 
yi AP'(N3) 1.626: 10-2 1.829-10-2 4 
RAR AP'(N;) 1.496: 10-2 1.895-10-2 d 
NS AP'(N:;) 0.483: 10-2 0.529-10-2 } 
ek 
MTA 7 ; 
MO AP 4 0.0243 + 0.0289 } 
SA = i 
tic: i Pato 1.517+0.027 1.542 + 0.032 ; 
| aa ee eet 
Ne Average of the two series Pinco = 1.528 +0.021 | 
i: + : — — I 
[CAR 
MR < a 
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section given by DAVIS, BETHE and MAXIMON (1), corrected for pair production 
by electrons and for Compton scattering. The value we adopted is e = 1.114. 
The uncertainty of this evaluation is discussed later. 

Table IV summarizes the results of the analysis of the two series of expe- 
rimental data, with the cut in the spectra operated at channel X=52. This 
channel was chosen not with the criterion of minimizing the statistical error, 
but rather to achieve a compromise giving a small statistical error together 
with a small systematic error in the correction for the mesonic peak tail exten- 
ding above channel X (see paragraph b in the discussion of systematic errors). 

As one can see from the table, the main contribution to the final error comes 
from the statistical uncertainties of N, and N}, the two contributions being 
practieally equal in our case. Obviously, if one had a y-ray spectrometer with 
resolution high enough to completely separate the two peaks, the limiting factor 
would be the statistics of the high-energy peak of the total spectrum. 


Series 1 Series 2 


Pimesr E 


160 
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1.528 + 0.021 
140 
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X (position of split in spectra) 


Fig. 12. — Variation of the Panofsky ratio with the channel X at which the spectra have 
been split for the analysis. The two horizontal lines define the one standard deviation 
confidence interval corresponding to the result of the experiment for P 


uncorr * 


Fig. 12 shows how the value of P,,,.,,, varies with X, è%.e., with the choice 
of the channel at which the spectra are split for the analysis. Obviously, 
the choice of X is not critical. 

To arrive at the value of the Panofsky ratio, P,,, we have considered 
the following possible sources of systematic errors: 


a) Effect of the subtraction of the «no H,» background. — The subtraction 
from the y-ray spectra of the counts obtained in the «no H,» runs cannot 


(2) H. Davies, H. A. BerHE and L. C. Maxrmon: Phys. Rev., 98, 788 (1954). 


33 - Il Nuovo Cimento. 
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introduce significant systematic error in the Panofsky ratio. The procedure 
should, in fact, correctly eliminate the great majority of the events pro- 
duced in materials other than hydrogen. Residual spurious events, if any, 
certainly are a small fraction of the total background. As the total back- 
ground correction modifies the Panofsky ratio only by about — 0.6% %, their 
effect is negligible. 


b) Effect of the tail of the mesonic peak extending above channel X. — The 
of the correction due to the tail N_ =X(N_ + N.) obviously 
depends on the choice of the channel X. This tail can be estimated by folding 
the shape of the Nal resolution curves (Figs. 6 and 8b) with the rectangular 
spectrum of the y-rays arising from the 7° decay in the mesonic capture. 

With our choice of X= 52, we obtained k — 7-10 The second term 
of expression (2) is then 


(2P'+ 1) P'k = 0.0036 


which modifies the Panofsky ratio by + 0.26%. 


c) Effect of residual mesonic ‘y-rays contamination in the neutron-gated 
spectrum. — From the matrix shown in Fig. 10, which was obtained when 
the y-ray sensitivity of the neutron telescope was enhanced about 100 times, 
one can deduce that 4 out of 198 events of mesonic capture could have simu- 
lated a radiative capture. From this, and from the data in the matrix obtained 
in normal running conditions (Fig. 9), one concludes that only 4 x 42/198 = 0.85 
out of the 610 events classified as radiative captures might have been instead 
mesonic captures. 

The factor f defined at the beginning of this section is then 


ees 0.85 
J Nee © 61.05 (io) TPS 


which makes the third term of expression (2) 


a 


A 0.85 
(QP 261) Sloe — 2.610) 


Therefore, the correction to the Panofsky ratio due to the y-ray contami- 
nation in the neutron-gated spectrum is + 0.19 VAE 


; es na 

d) Effect of small pulses lost in recording the total spectrum. — In recording 
the total y-ray spectrum with the pulse-height analyser, there was a loss of 
small pulses in the first few channels due to the back-bias of the analyser 
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Qt 


This requires a correction to N, that can be evaluated with the same 
procedure as that used for correction b). 
It modifies the Panofsky ratio by +0.1%. 


e) Effect of meson interaction in flight inside the liquid hydrogen. — An 
evaluation has been made of the contribution to the observed y-ray spectra 
caused by mesons crossing the target in flight and giving rise to mesonic 
(charge exchange) and radiative interactions in the liquid hydrogen. 

The mesons that were not brought to rest were, in our experiment, — 9 times 
more abundant than those stopped in the liquid hydregen. The range curve 
in Fig. 2 shows that they have an energy spectrum that extends up to 
— 14 MeV, with median energy at — 3 MeV. We estimate that the number 
of mesons which make a (7-— 7°) interaction in flight in the liquid H, is 
2.4-107% times the number of the stopped mesons which undergo capture. 
Similarly, the number of reactions (7-— y) in flight is 1.6-10-* times the 
number of stopped mesons which undergo radiative capture. From this it 
follows that the contribution of the interactions in flight modifies the Panofsky 
ratio by ~— 0.1%. 


f) Systematic effects due to the experimental arrangement. — Before adopting 
the final layout described in Section 3, several other geometries have been 
tried in a series of exploratory experiments that extended over a period of 
several months. Runs were made with a larger H, target (9.5 cm in dia- 
meter) and with Pb-converters in the y telescope of various sizes (5 and 9 cm 
in diameter) and thickness (2 and 3mm). Collimations and shieldings were 
varied to find optimum conditions. 

All the values of the Panofsky ratio deduced from these preliminary 
1uns are consistent with the results of the final experiment. 


g) Effect of the uncertainty in the value of e. — Apart from all experi- 
mental errors, the accuracy of the determination of the Panofsky ratio depends 
on the accuracy of the value used for the ratio e=e,/e, of the detection 
probability of a 129 MeV y-ray and of a y-ray with energy between 55 and 
83 MeV. 


The errors in ¢, and &,, arise only from the approximations in the DAVIS, 
BETHE and MAximon’s calculations (1). As one deals here only with the 
ratio, e, the error is small. A generous estimate leads to an error Ae = 0.005, 
which has no appreciable effect on our result for the Panofsky ratio. 

As conclusion, all the considered systematic errors are small as compared 
with the 1.5% statistical error of our result. However, they contribute the 
corrections summarized in Table V, which are incorporated in our result, P.r: 
This value, P.,,., is the Panofsky ratio according to the traditional definition, 
i.e., assuming the existence of reactions (1a) and (2) only. 


4215 


516 V. T. COCCONI, T. FAZZINI, G. FIDECARO, M. LEGROS, N. H. LIPMAN, ETC. 


TABLE V. 
| Puncorr 1.528 + 0.021 
Dn 
5 Tail of mesonic peak above ch. X= 52 | + 0.004 
= y-ray contamination in neutron-gated spectrum | + 0.003 
È Loss of small pulses in total spectrum | + 0.002 
si Interaction in flight in the liquid hydrogen — 0.002 
PE | 1.535+0.021 


This result can be easily reduced to the new definition of P as the ratio 
between mesonic and electromagnetic captures, by correcting for the events 
lost in channels (1b) and (3). In fact, one has 


where o and o' are the branching ratios (3)/(2) and (1b)/(1a), respectively. 

Using for these branching ratios the values calculated by JOSEPH (11), 
o = 0.00710 and o’= 0.01196, the correction is (1— 0.0011) and the final 
result is: 


P =1.533+0.021 . 


Fig. 13 presents a comparison of our result with all the results reported 
by other experimenters. One must be aware of the fact that in general these 
results are not exactly comparable with one another and with ours. In fact, 
they are calculated using the definitions P= (1)/(2) or (1a)/(2). Besides, for 
counter experiments where y-rays are converted into pairs before the detec- 
tion, a value £=1.12 has been used, at variance with our e =1.114. How- 
ever, these are small points and in all cases their effects are well within the 
quoted experimental errors. For example, Samios’ value 1.62 becomes 1.63 
with our definition of P and JONES et al.’s value 1.56 becomes 1.55 with our & 
and remains 1.55 with our definition of P. All the previous results can the- 
refore be considered in agreement with our value, within one standard devi- 
ation, except for that by FIscHER et al. and for Panofsky’s original deter- 
mination. Excluding these two values, the weighted average of all deter- 
minations preceding ours, taken as given by the Authors, is: 


1.538 + 0.030 . 


(1) D. W. JosePH: Nuovo Cimento, 16, 997 (1960). 
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Our result is also consistent with the value 1.52 calculated by CINI et al. (3) 
on the basis of the photoproduction and pion scattering data available at the 
beginning of 1958. 


a 
2 


l J i 
0 0.5 10 1.5 2.0 


Value of the Panofsky ratio 


Fig. 13. — Summary of the results of the various determinations of the Panofsky ratio. 
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1.533+0.021 


At the moment, the Panofsky ratio is the best determined of the various 
experimental data that are involved in the analysis of low-energy pion physics. 
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RIASSUNTO 


Il rapporto di Panofsky è stato rimisurato con uno spettrometro per raggi y con- 
sistente in un contatore all’ Nal(Tl). La precisione è limitata dall’errore statistico, 
Non dal potere risolutivo dello spettrometro o da altre cause di errori sistematici. 
Il risultato finale è P=1.533+0.021. 
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Summary. — The diffraction patterns in case of light sources of finite 
extension have been investigated. Depending on the size of the light 
source the edges of a slit are illuminated by either coherent or incoherent 
or partially coherent beams. Considering that according to the Young- 
Rubinoviez theory the diffraction pattern is produced by secondary 
waves emerging from the edges of the slit and interfering with each 
other as well as with the incident waves, it is shown that depending on 
the degree of coherence, the interference fringes of the diffraction pattern 
show more or less contrast. The places of the maxima except for the 
main peak, also depend on the size of the light source. In order to verify 
the theory the calculated curves were compared with those obtained 
in the experiments and a good quantitative agreement was found. 


1. — Introduction. 


In the usual treatment of diffraction the spherical waves incident upon 
the diffracting aperture or obstacle are assumed to be produced by a point- 
like source. In the experiments, however, which have been performed in order 
to verify the theory, the light sources were always of finite extension and since 
the diffraction pattern varies with the dimensions of the source the latter 
had to be chosen as small as possible. As in optical systems the light source 
can never be regarded as point-like it seems important from both the practical 
and the theoretical points of view to eliminate the above restriction. Wolfs 
theory (1) on the partial coherence of light, which may be considered a genera- 
lization of the Huygens-Fresnel-Kirchhoff principle, offers a possibility to take 


(1) E. Wozr: Proc. Roy. Soc., A 225, 96 (1954); Proc. Roy. Soc., A 230, 246 (1955). 
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into account the finite size of the source. However this theory involving the 
rather wearisome evaluation of multiple surface integrals does not give à clear 
picture of the true mechanism of diffraction, since contrary to the older con- 
ception secondary waves can by no means emerge from the empty space but 
only from the diffracting obstacle. 

In the present paper calculations are given which have been performed to 
study the dependence of the diffraction pattern on source dimension. For the 
description of the mechanism of diffraction the conception of YOUNG- 
RUBINOVICZ (2) has been adopted, according to which diffraction arises from 
interference of the incident wave with the secondary waves emerging from 
the diffracting edge. As the interfering waves may be coherent, incoherent 
or partially coherent depending on the size of the light source, the contrast 
of the interference fringes corresponds to the degree of coherence. The degree 
of coherence of the waves incident upon the slit edges was computed on the 
basis of the Zernike-Wolf (*) theory assuming the atoms of the light source 
to radiate independently. 

The treatment of the diffraction pattern of light sources of finite extension 
on the basis of the Rubinoviez theory is presented in Section 2. While the 
experimental apparatus is described in Section 3. There too the results are 
given including a comparison of calculated and measured values. 


2. — Theory. 


If a diffracting aperture (Fig. 1) is illuminated by a light source ZL, each 
point of the area stretched inside the 
aperture will according to the Huy- 
gens-Fresnel-Kirchhoff theory emit 
spherical waves and the radiation field 
in a point P lying in the space T 
is given by the sum of these waves: 


dk ( x 
1 w(P)=— | A exp [ike] df, 
PA 
where 
PR a 
Z na 
and 


Er 0, 


() T. YounG: A course of lectures on natural phylosophy mechanical arts (Lon- 
don, 1807); A. RuBINoviIoz: Ann. d. Phys., (4) 58, 257 (1917) 
(°) F. ZERNIKE: Physica, 8, 785 (1938). 
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k is the propagation constant, n the normal of the surface f, and the distances 
from a point on the surface f, to the source L and the point P are denoted 
by o and r, respectively. The expression (1) can be transformed into an integral 
taken along the diffracting edge £, so that the field in the space 7 is now 
given by the superposition of the deflected waves 


1 
(2) Ug = — al exp [tké] ds , 
E 


and the incident wave. Each point of the edge emits spherical waves which 
together form the deflected waves. In expression (2) 


cos (nr): sin (ods) 
ro[1 + cos (ro)] 


(TE, 


is the amplitude factor depending on the direction and ds is the tangent vector 
of E in the point P,. In expression (2) the phase along £ changes generally 
rather quickly (k>> 0) but only such intervals make an appreciable contri- 
bution to the integral, where the change is not so rapid or even zero, that is 
dé/ds~0. Thus only the integration with respect to these so called stationary 
points will be of interest. There may be only one, but also several such points, 
depending on the geometry of the diffracting edge. In the latter case the 
integrals, of course, have to be summed, that is the field becomes 


sjtAs; 


ni zii 
(3) Ca > Up |; ro >| ‘En exp [iké]dé, 


sj—As; 


where 2As, is the path of integration taken with respect to the j-th stationary 
point. 

Considering now a half plane, there is only one stationary point, where 
r+o—min. With an approximate evaluation of the integral (3) the deflected 
wave front close to the shadow boundary (A) is given by (°) 


w 


exp [i(x/4)] exp [KR] [ 
i; i fexp 


TON 

i— v dv, 
9 
dl 


(4) Up = + 
Lo 


where 


2k 
w= = (tO Ut) 
IT 
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and R is the distance from the source to the point P. In the non-illuminated 
field the negative sign, in the illuminated one the positive sign is to be applied. 
In the latter the incident wave, of course, has to be added to the deflected 
wave. 

Using now a slit which may be considered as consisting of two individual 
half-planes, there will be two stationary points, lying at the edges of the two 
half-planes, where +0 = min, and where the deflected waves are composed 
of the secondary waves emerging from these points. In the shadow the two 
waves are of different sign, since any given point P lies with respect to one 
of the half-planes in the illuminated field and with respect to the other one in 
the non-illuminated field. For the deflected wave, therefore, we have 


(5) Up = Up, oy = oe Hé ; a [H(w,) = H(w:)] ’ 


where the abbreviation 


H(w) =fexp i v dv, 


+ o 


has been introduced and 


while the meaning of @,, 71, 02,72, can be read from the Fig. 2. In the non- 
illuminated field there are but deflected waves emerging from the stationary 
points on the two edges. In the illuminated field the incident wave has again 
to be added. 


Ù \ YU 
PS SE NN LIE 
NL: RK 
[N 


1. plane 
Intl, Dr Fig. 3. 


Full interference between two waves w,, vu, will not take place unless 
these are coherent. In this case the intensity in point P (Fig. 3) can be written 


J=|u,}® + |u|? +2 Re (unu). 
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This condition, however, cannot be satisfied for waves emerging from two 
points P,, P, unless the waves arriving in points P,, P, have been emitted 
by the same point source Z. For a light source L’ of finite extension the two 
waves are only partially coherent, thus the intensity in point P will have 
the form 


Ju Si [ul 2? + 2y Re (uw), 
where y, is the degree of coherence of the waves in points P,, P, (4). On the 
other hand, 


r Ty 
Pie) CES 
Vis =) 


2VFTF: 


where U, u, represent the fields and a. F, the intensities in points P,, P,, 
respectively. If a light source of finite extension is used, where all points emit 
Spherical waves independently of each other, the degree of coherence will 
take the form 


(6) = Vus” = - 3 pre exp [tk (oi — 0») | dx, 
0102 


where #(2') represents the intensity per unit area of the source. For a slit-like 
source infinite in the Y-direction and of a width 2d, lying in the X-Y-plane 

(plane 1) which runs parallel to the plane 
A sinn containing points P,, P, (plane 2), the above 


7 expression becomes 


(7) = sin [(2x/2) i (d/o) (a, ag Xo) | 
AE 


where À is the wave length of the illumina- 
ting light and x, and x, are the coordinates 
of points P, and P, in the plane 2. This 
well-known function is shown in Fig. 4, 


where 


SI 


n= =< (a — a). 


d 
0 


Diffraction on a slit arises from interfer- 
Fig. 4. ence between two waves starting from two 


(4) M. Born and E. Wotr: Principles of Optics (New York, 1959). 
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stationary points. Thus for the intensity at the point P lying in the non-illu- 
minated field we obtain 


2y,, Re (H(w,):H(w:)*)]. 


(8) Ja [ | H (2) 


5 


Illuminating now the diffracting slit in plane 2 by a slit-like source lying in 
the Y-direction parallel to the slit (Fig. 3), the expression (7) for the values 
of y,, has to be substituted into (8). 

In the following the expression (8) will be somewhat transformed and in 
this way a descriptive model is obtained. H(w) is a complex integral, since 


H(w) = (4 — O(w)) + i(4 — S(w)) , 


where 
(02) w 


Tr EE 
S(w) = [sin = æ? da and C(w) =| cos — x? dx 


di 


while 


Using these expressions we obtain 


Re[H(w,) H*(w,)] = F(w,) F(w,) + G(w,) G(w,) , 
where 


Pw) =4—S(w), E(w) =4—CWw), 


To jp 
FH J LE wr) (ro) + F°(10,)+ G02) — 2y rol F (ws) F (wa) + G(10,) G(10,)]} 


where J,—1/R?. Let us take now a coordinate system having as horizontal 
axis C(w) and as vertical axis S(w), the relation between them in this plane 
is given by the Cornu spiral (Fig. 5). F(w) and G(w) are the components of a 
vector in this plane starting from O(w) = -3 and S(w)=} respectively, the 
vector being directed towards a point of the Cornu spiral. Let us take two 
such vectors, 


ALP (0) G(w0)],  B[F(,)G(w,)], 
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then the intensity at point P is given by 


(9) 


Jo 


J (4? + B?— 2y,, AB). 


TG 


a 


AS(w) 


The first two terms of the expression in the bracket, 4?+B?, give a monotonic 
function (Fig. 6), while AB is a harmonic function (Fig. 7). In the expression (9) 


the harmonic part depends on y, te. on the width 


A A2: B: 24 of the slit serving as a light source. The varia- 
tion of the diffraction pattern with the parameter 2d is 
0.4 
e 
0.1 
10.3F 
0.05 
0.2- 
0.01 
otk 
1 1 1 sr ~0.05- 
OAI DNS RAS EM 
Fig. 6. Fig. 7 
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shown in Fig. 8. In this case the width of the diffracting slit (in plane 2) 
was 0.3 mm and the dis- 
AJ/, tances both from the light 
source and from the ob- 
serving screen to the dif- 
fracting slit were o=/= 
— 200 mm (Fig. 3). It is 
seen that for a light source 
of width 24— 0.37 mm, 
with y,=0 and I= 
= (J,/2)(A?+B?) the mo- 
notonic curve of Fig. 6 is 
obtained. The shape of 
the curves strongly de- 
pends on the slit width 
R, and after the first zero 
value of y;, the positions 
of the maxima and mi- 
nima will be reversed. 


0.35} 


0.30- 


,25- 


0.20} 


OISE 


0.10r 
ed =0.10mm 


ed =0.37mm Fig. 8. — Calculated relative 
intensity distribution of the 
diffraction patterns of slit 
in case of light sources of 


X 


(mm) different extension (2d). 


3. — Experiment. 


In the following the experiment carried out in order to verify the above 
results will be described. The experimental apparatus (Fig. 9) is quite simple 
and in principle the same as the arrangement shown in Fig. 3. 


0 BRONZO 
[ x 
1 
E LS Ri Ra RIM 
Fig. 9. — Experimental arrangement for measuring the diffraction patterns in the 


plane £, of the slit R,. F—light source, L—condenser lens, S=interference filter 
(A=546 nm), &,=the secondary source, M—photomultiplier. 


As light source F an Osram Hg-Cd spectral lamp was used. It was sup- 
plied by an a.c. 220 V, 50 Hz stabilizer. The fluctuation in the light current 
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was about 1%. The source was imaged by the lens Z having a focal length 
f=100 mm with a magnification of about 1:1 on to the surface of the slit R,. 
The interference filter S (Zeiss type SIF) could be inserted directly behind 
the lens, L to select thew avelength 2— 546 nm. The line width was about 
0.1 A, thus it did not affect the diffraction process. The diameter of the lens Z 
being 30 mm, the degree of coherence of the image appearing on À, was not 
being influenced by the diffraction caused by the lens, so that the points of 
the secondary source could be considered as radiating independently. The 
light of the secondary source at À, was diffracted by the slit R,. The calibration 
of both slits had been checked previously by microscope. The distance between 
| the two slits was adjusted to be 0 — 200 mm. The measurements were performed 
| with a slit À, of 0.3 mm width. The diffraction field in the plane Æ was scanned 
i by a multiplier M. In front of the multiplier a scanning slit R, was inserted 
| parallel to slits À, and R,, its width being so chosen that it was at least the 10-th 
part of the spacing of the fringes appearing in the diffraction pattern; in this 
way any appreciable integration could be excluded. The distance from the 
diffracting to the scanning slit was the same as that between R, and R,, that 
iso=l=200 mm. The slits, including the scanning slit of the multiplier were 
4 carefully aligned by means of the telescope of a Zeiss « Richtungs- und 
Flüchtungsprüfgerät ». 

An end-window type multiplier M12FS35 was chosen because the optical 
conditions are far better in these systems than with a deflected cathode, which 
may produce the so called « angle-of-incidence effect », as it was observed in 
fact in the first measurement when the RCA 1P21 multiplier was being used. 
This effect appeared as asymmetry in the diffraction curve with respect to 
| the centre. In order to prevent the displacement of the image on the photo- 
cathode the scanning slit was mounted directly on to the photocathode. For 
this reason, a slit of very thin material had to be prepared. This was achieved 
by depositing an aluminium mirror on glass using vacuum evaporation and 
| cutting a slit into the thin metal layer thus formed. The mirror, however, 
i had to be sufficiently thick so as not to affect measurement by its transparency. 
| The use of slits made of very thin material is the more convenient since the 
i intensity strongly increases in the vicinity of the shadow boundary and thus 
i when using conventional slits the light scattered on the back causes a consi- 
| derable deformation of the measured curve. 
| The multiplier mounted on a slide could be moved in a direction normal 
}- to the optical axis by means of a synchronous motor driving the multiplier 
at a rate of 0.67 mm/min in the x-direction (Fig. 9). The signals coming from 
the multiplier were recorded on a paper tape of 30 em width by an auto- 
matically recording potentiometer. 60mm spacing on the paper tape cor- 
responded to a multiplier displacement of 1 mm. A d.c. bridge amplifier stage 
was applied between the multiplier and the potentiometer to obtain the ampli- 
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fication and impedance transformation required. The sensitivity of the system 
was 6-10-! A/div. The amplifier stability was 1 per cent, the simultaneous 


A J/Jo 


2d =0.1 mm 
A(¥ | F 9) =0.00247 


ie, 
3 2 1 (0) 1 2 3 X (mm) 
Fig. 10. 


run of multiplier and tape displacements can be considered quite satisfactory, 
since the error in the reproducibility of multiplier displacement was 
about 0.02 mm. 


LR 


2d —0.2 mm 
AFF 5) —0.0021 


: 2 1 0 x DI 3 Xmm) 


4228 


: y : nd " 
x: i PI » ‘ i mm 


RR RI PA e A Vin ic REM ER PRATI CAS EDI de NO PS 
(o x > Fr RIS > ; 4 eo e M ha, es of a | F Les 


x 


LIGHT DIFFRACTION ON SLITS IN CASE OF LIGHT SOURCES OF FINITE EXTENSION 529 . 


Using the above arrangement the diffraction patterns were recorded for — Sa 
various widths of slit R,: The result agreed fairly well with the curves shown ae, 
7 Sq 


2d —0.3 mm 
A(F/F9)=0.0015 


3 2 1 0 1 2 3 4 Ximm . | 
1] 9 : yet 
Hi 12: So 
ae 
rw + See 
in Fig. 8. The experimental curves are to be seen in Figs. 10-15. The solid ‘| 


line was drawn by the recorder, while the points indicate the calculated values. A 
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| Fig. 13. 
| and are shown for comparison. The curves are normalized representing the ED | 
relative intensity distribution 7/7,. Although the scale of the ordinate undergoes fo 
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a continuous change, since with increasing size of source the intensity also 
increases no alternations were made in the experimental arrangement (for 


A//Io 


2d —0.45 mm 
A(F|F ») —0.0009 


4 X(mm) 


O 
rot 
Gt 


Fig. 14. 


instance the plate voltage of the multiplier). Accordingly, the accuracy of 


measurement also varied during the experiment and this is indicated by the 


b/g 


2d =0.55 mm 
AFF) =0.0009 


0 ì 1 2 3 X mm 


symbol 7/7, the value of which is given for each of the curves. The multiplier 


displacement is given on the abscissa in mm. 
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The phase shift following the zero value of y, is shown in Fig. 16, where 
the experimental curves plotted for slit widths 24 — 0.2 mm and 24= 0.45 mm 


are to be seen. These curves too are normalized. 


A 
Jo 


0.05F 


Fig. 16. 


From the figures it is apparent that the experimental curves are quanti- 
tatively in good agreement with the predicted ones. 

Finally, it has to be noted that for the zero values of y, the contrast does 
not vanish as it would be expected. Several attempts were made to find an 
explanation for this phenomenon and although various interpretations might 
be possible, no sound theory can be formulated on the basis of our experiments. 


4. — Conclusions. 


From the above considerations and from the result of the experiments the 
following conclusions may be drawn: 


1) A simple procedure has been developed for calculating the diffraction 
pattern for a light source of finite extension. 


2) By supplementing the facts known so far (°) additional proof has 
been obtained showing that the Young-Rubinowicz conception of the diffraction 
mechanism gives a simpler and more comprehensive representation than the 
Huygens-Fresnel-Kirchhoff theory. 


(5) A. Rusinovioz: Die Beugungswelle in der Kirchhojfschen Theorie der Beugung 
(Warsawa, 1957). 
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3) In addition to the qualitative measurements carried out up to now (°) 
the experiment described here leads also to the quantitative confirmation of 
the Zernike-Wolf theory on partial coherence. 


Thanks are due to Mr. Zs. NARAY and to Mr. P. VARGA for valuable advice 
and helpful discussions in connection with the experiments. 


(5) B. J. THomsoN and E. Wotr: Journ. Opt. Soc. Am., 47, 895 (1957); B. J. THOMP- 
son: Journ. Opt. Soc. Am., 48, 95 (1958). 
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Abbiamo esaminato le figure di diffrazione di sorgenti luminose di estensione finita. 
A seconda dell’estensione della sorgente luminosa, i margini di una fenditura sono 
illuminati da fasci coerenti, o incoerenti, o parzialmente coerenti. Considerando che, 
secondo la teoria di Young-Rubinoviez, la figura di diffrazione è prodotta da onde 
secondarie emergenti dai margini della fenditura e interferenti sia fra di loro che con 
le onde incidenti, si dimostra che, a seconda del grado di coerenza, il contrasto delle 
frange d’interferenza della figura di diffrazione è più o meno marcato. Anche le posi- 
zioni dei massimi, eccetto che per il massimo principale, dipende dall’estensione della 
sorgente luminosa. Per verificare la teoria, le curve calcolate sono state confrontate 
con quelle ottenute sperimentalmente trovando un buon accordo quantitativo. 


(*) Traduzione a cura della Redazione. 


4232 


= 
1 


ì N ‘ + 
, ar . - 4 x d i 
1 v 


#) IL. NUOVO CIMENTO Worry XXIL,"N: 3 1° Novembre 1961 


Magneto-Compressional Disturbance in a Tepid Plasma. 


P. L. AUER (*) and J. A. NATION 


Laboratorio Gas Ionizzati (HURATOM - C.N.E.N.) 
| c/o Laboratori Nazionali di Frascati - Roma 


(ricevuto il 3 Agosto 1961) 


Summary. — The propagation of steady state pulses travelling perpen- 
dicular to a magnetic field in a cold plasma was originally discussed by 
ADLAM and ALLEN (1). It was found that pulses exist when the ratio of 
the pulse velocity to the Alfvén velocity exceeds unity. An essential 
feature of the non-linear pulse theory is that the fields rise exponentially 
in the region of the undisturbed plasma, a result which may be obtained 
also from the linearized theory. Guided by this we have examined the 
steady state problem for a tepid plasma in order to establish whether the 
plasma is capable of supporting exponentially rising fields. In this article 
a linear and a quasi non-linear analysis of the problem is given and it 
is shown that pulses exist when the disturbance speed is supersonic. It 
is also shown that the range of disturbance velocities, for which pulses 
are formed, is reduced in a highly non analytic manner. 


1. — Introduction. 


We wish to investigate the propagation of plane stationary compressional 
disturbances, travelling perpendicular to an initially uniform axial magnetic 
field in an initially uniform quiescent plasma composed of singly charged 
ions and electrons, using the assumption that interparticle collisions may be 
neglected. We restrict ourselves to situations where the electron plasma fre- 
quency in the undisturbed plasma greatly exceeds the electron gyration fre- 
quency; and, consequently the plasma remains macroscopically neutral to 


(*) John Simon Guggenheim Fellow 1960-61. Permanent address: General Electric 


Research Laboratory, Schenectady, N. Y. 
(1) J. H. ApLam and J. E. ALLEN: Phil. Mag., 3, 448 (1958). 
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a high degree of approximation. Thus 


(2) ni(2)u,(0) = n(a) u(x) , 


where n,, WU, denote respectively the ion, electron number density and the 
mean ion, electron velocities in the direction of propagation measured in a 
reference frame moving with the disturbance. The initial density is », and the 
disturbance travels with a velocity #, in the X direction. The frequency ine- 
quality stated above, which determines macroscopic charge neutrality, may 
be expressed as Bi<danym,c?, where B, represents the initial magnetic field 
strength, m, the electron mass and e the velocity of light. It will also be 
assumed that the disturbance produces only compressional distortions in the 
original lines of force and consequently that the induced currents will be 
constrained to flow in a direction mutually perpendicular to the initial magnetic 
field and direction of propagation. 

It is well known (**) that in the limit of the plasma temperature approaching 
zero, solutions of the non linear equations exist in the form of isolated sym- 
metric pulses for certain ranges of initial conditions. We term these solutions 
Adlam-Allen pulses. An important property of these pulses is that the leading 
and trailing edges decay exponentially in the direction of the undisturbed 
plasma as exp[— Ka] with 


1 
(3) wi = dame? Gi + | s 


4rmo(M;+ Me) ? 


where m, is the ionic mass and e the magnitude of the electron charge. It is 
found that at distances sufficiently removed from the body of the pulse, that 
is in the wings, a linearized theory correctly predicts the exponential constant K. 
Thus one may infer, even from a linearized theory, that the existence of 
non-undulatory stationary disturbances requires that the disturbance speed 


exceeds some characteristic velocity, which for an initially cold plasma is Was 
the Alfvén speed. 


(2) L. Davis, R. List and A. SCHLÜTER: Zeits. Naturfor., 13a, 916 (1958). 
(?) C. S. GARDNER et al.: Proc. Geneva Conf., 31, 230 (1958). 
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In this article we wish to ascertain the influence of an initial temperature 
in the undisturbed plasma on the formation and propagation of such pulses. 
Whereas a full non-linear treatment with non zero temperature is beyond 
the scope of the present analysis, certain features may be inferred on the basis 
of linear or quasi-linear analysis. 

In the following section we review briefly some results of cold plasma 
calculations which will be used in the subsequent sections discussing thermal 
effects. 


2. — Cold plasma results. 


In this section we assume the plasma temperature is zero and consider 
initially the results of linear analysis. Instead of eq. (1), (2) we define, in a 
frame moving with the disturbance 


n (0) = et 4 dng (x), 
(4) us, (e) = w[1 — du,(2)], 


vi (0) = 001 (x); 


where v is the velocity in the y direction. 
As a result of conservation of particle flux (eq. (2)) we have to lowest order 
in small quantities 


(5) én, (x) = Ôu, (x). 
The axial magnetic field is taken in the positive 2 direction and we write 
(6) B.(x) = B,[1 + ÔB(x)]. 
The electric field has two components and must have zero curl. 


BE, = — Bôp'(x), 
(7) 


H, = E, = constant, 


where the prime denotes differentiation with respect to the argument and 
the scalar electric potential. The requirement that all first order quantities, 
denoted by 6, and also all derivatives, vanish in the undisturbed plasma 
provides 

Mo Bo 


(8) ae 
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Using the above notation the equations of motion and field equations 
required to determine the six unknown first order quantities take the form 


| COD 
deal ay], 


udu (ae) = Fos 


uv (x) = + ox [dus — dB], 


9 
59) dB! (x) = (a) [do_— dv], 


ATTN ge 


6g" (x) = | Bi | [du_— du;], 


where 


Cas, 
CMa 


Del 


On the basis of the above set of equations one can readily establish that the 
basic assumption of charge neutrality (eq. (1)) is equivalent to the disturbance 
velocity being highly non-relativistic. 

Accordingly we write 


(10) du(x) = du-(x) = du;(x) = (2) 250) 5 


where the second equality results from a single integration of eqs. (9). We have 
then by elimination of du from eqs. (9) and (10) the relation 


2 2 
(11) ôB"(x) = ©? 1 i a ôB(&) , 
ci Ue 


which establishes the validity of eq. (3). 
The magnetic field and electric potential are related by 


= Anne 
12 | rd pae 0) 30 
(2) Mit ms) a | | dp, 


and we find for the current components 


mM; e ui ou 
a ee TS 0 I 
do. Mi: — Me U ps ner 
(13) i e “Uo Up W4 
mM € vi Vo 
do, Me O 
Mi— Me Vo ui © 
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The non linear analogue of eqs. (10) and (12) may be found from the exact 
solution of the Adlam-Allen pulse. We write this in the form 


u ui 


(14) 2 1- 


B? (M;— Me) à 
Bi | È ep = iy Uo 


Uo ui 


Combining these two equations one finds 


mi— m.|B 1 _ dane 4 
Sig 4 


(15) ns then 
| (1+ uju)(1 + B/By) 


The quantity in the square bracket on the right hand side of eq. (15) is iden- 
tically unity in the undisturbed plasma and at the peak of the pulse, while 
at the inflection point it varies from unity for w =, to approximately 0.95 
for %=2u,. Thus, the approximation of eq. (12) is remarkably good 
throughout the entire non linear region of the pulse and will be used in the 
discussion of temperature effects. | 

It should be noted that certain features of the Adlam-Allen pulse appear 
insensitive to the electron to ion mass ratio. For example if the distance is 
scaled according to the magnetic skin depth (c/w,) and the velocities scaled 
according to u,, the magnetic profiles form a one parameter set of curves 
where the Alfvén-Mach number w,/u, is the parameter of variation. On the 
other hand the electrostatic potential and the partial electron and ion currents 
are sensitive functions of the mass ratio. 

In general the compressional mode of the Adlam-Allen pulse is a compli- 
cated mixture of effects due to the transverse electric field #, and the longi- 
tudinal electric field £,. Some simplification results in the two limits where 
the electron to ion mass ratio is very small or unity. In the former case one 
finds to zero order in the mass ratio that the electrons carry all the current 
and make large excursions in the y direction in order to stay in phase with 
the rectilinear motion of the heavy ions. In this instance the ions provide 
the entire inertial resistance to compression and the work of compression lodges 
in the electrostatic field Z,. 

Of course, in the limit the electron mass vanishes, the system of equations 
leading to the Adlam-Allen pulse become singular and no proper limit point 
exists. If the electron to ion mass ratio becomes unity, the partial currents 
become equal in magnitude and the particle motions are appreciably different. 
The longitudinal #, field vanishes identically and the work of compression arises 
from the transverse LH, field. 

The orbital equations, in the linear approximation follow readily from 
eqs. (10), (11) and (13) 


oy la Ov LS Uo + 4 
(16) (2) = (E) + È i ; 


7 
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The initial angle of the orbit with the direction of propagation varies from 
zero degrees for u =, to #60 degrees for u = 2u,. 

We shall refer to these two extreme modes as the light and heavy electron 
models, respectively. In the following section the effect of plasma temper- 
ature on these two modes will be discussed. 


3. — The effect of plasma temperature. 


In this section we shall discuss some aspects of the linearized Vlasov equation 
corresponding to the geometry described in the previous two sections. In a 
frame moving with the stationary disturbance we look, for non undulatory 
solutions which decay exponentially into the undisturbed plasma where the 
particle distribution has a mean drift velocity wu, in the x direction and car- 
ries no current. It is not at all obvious that the problem so stated is self- 
consistent since an exponentially rising (decaying) solution of the linearized 
equations may grow into non linear disturbances which cannot be fitted to the 
assumed initial conditions. For the moment we proceed without noting this 
objection and postpone a discussion of it to the subsequent portions of the 
section. We begin by discussing the equal mass case in which ÆZ,—0. 


31. Heavy electrons. — We introduce circular coordinates in velocity space 


U = Uy — W COS D , 
(16a) 
y=wsng, 


and expand the particle distribution function, assuming equal electron-ion 
temperature 


fi(@, w, p) = fo(w) + fx (x, w, @) , 


(17) 7 
ny = | 27fow AW . 
0 


The linearized Vlasov equation for equal mass electrons and ions becomes 


0 lo — W S@\ © I 
(18) | “i É sh ") i Of. = U OB sin pfo(w), 


where 


D DE NO. 
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The above is readily integrated in the form 


n 
i e WwW : i : 
9) Of == rh) | OB È + x (® — Po) + — (sin g — sin go)| Sin Yo Po ; 


U 
(00) Mo 


—o 


and it is understood that of, (~) = 6f,(y+2z). (For a given ÔB(x), the 
latter condition is met by adding to the above a suitable function of 
[x ((u, — w sin @)/a )]). The electric current obtained from eq. (19) is 


o 27 


(20) 4 = ef Jo — df-]w? sin y dy dw = 
0 0 


= 2em (dp donc? fo(10) | da[cos 26 — cos 2a] for x 


0 0 0 


fee) co 27 
( Wo 2w . | 
— BH ap 0082 dg 


with obvious changes in notation. 

In general one proceeds to solve Maxwell’s equation involving the current 
by expanding 0B(x) into plane waves, thereby obtaining a dispersion relation 
which has been treated often in the literature (*°). For our purpose it will 
suffice to obtain temperature corrections to lowest significant order in the 
ratio of the thermal velocity to the Alfvén velocity. This may be accomplished 
by expanding dB, in the argument of the integral (20), in a formal power series 
in w. Stopping with the term in w? and substituting the result into Maxwell’s 
equation, we obtain after a simple rearrangement the following integro- 
differential equation: 


ech filo kT w 
(21) 0B'(a)= [au iS È (e — »| OB(y) + Pee (3 COS | 


‘0 


where 


(ce) 


2 
2nkT = 27 | mw? fywdw and di = Anne” (2) : 


0 


We look for solutions to eq. (21) of the form dB(x) = ÔB(0) exp[— Ka] and 


(4) I. BERNSTEIN: Phys. Rev., 109, 10 (1958). 
(3) N. ANDERSON: Proc. Phys. Soc., 75, 905 (1960). 
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obtain to the lowest order in the pertinent parameter. 


i ui kT (dui — ui 
(22) Kew 1 1+ — | — 
LED EVE 2 2 2 2 
CE UO mus \3ui + Up 
We now define a Mach number as 
No 


(23) M Tad FT (de 


and compare with simple theory where 


Uo 
[A+ y(KTIm)ÉË ? 


and y denotes the ratio of specific heats. We note that according to eq. (22) 
exponential solutions exist for M > 1 and the effective y of the plasma varies 
from 2 for w=%, to unity for w= V3u,. The effect of an initial plasma 
temperature is to broaden the disturbance in the wings on account of a plasma. 
contribution to the characteristic sound speed. 


32. Light electrons. — In dealing with physically realistic plasma condi- 
tions one may often employ to advantage the existance of sets of small numbers. 
For example, we have already indicated that when w/c? <m,/m; the quasi- 
neutral plasma approximation is quite accurate. If in addition one assumes 
m,/m;<<1, then it becomes possible to neglect the ionic contribution to the 
total current and the magnetic force on the ions in, at least, certain regions 
in space. (We shall amplify this remark subsequently.) The tepid plasma 
approximation consists of assuming that the mean square of the ion thermal 
speed is much less than wi and use of this approximation results in consider- 
able simplification in the dispersion relations. 

An important consequence of the small electron mass is that we may intro- 
duce an adiabatic approximation (°") (in which the invariant is not the usual 
magnetic moment). We write 


ee Cae) 
DO) eee ay 
(25) 
dv_(x) MP) » Bye) 
= = — w_|—— — —— |. 
da No By 


(°) C. S. Morawetz: New York University Report no. NYO-2885 (1960). 
(7) P. L. AveR, H. Hurwitz Jr. and R. Kits: Proc. Salzburg Conf., Abstract 
no. 127/A (1961). 
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Whereas the above set of equations correctly describe the electron motion 


Î in the cold plasma is the limit m,/m;<1, it continues to describe the average 


electron motion to the same degree of approximation when the initial electron 
temperature in finite. This follows from the fact that the non-adiabatie cor- 


rections in lowest order are proportional to the ratio of gyration length to the sl 
characteristic length squared. (Cf. eq. (22) or ref. (°)) and for comparable a 
electron and ion temperatures the electron correction terms are correspondingly 
smaller than the ion correction terms by a factor of m,/m,. AS 
Not only does eq. (25) allow us to relate the electron variables to the field Me. 


variables; but if we neglect the ion contribution to the total current, then 
the above equations in combination with Maxwell’s equation provide a rela- 
tion between the field variables in the form is 


B Amr 27nom,.c? ( H,\? patie 
26 — —1) =. à Fey 
Gi (E | ONE (È) ‘3 
5e 
We note that eqs. (12) and (15) result from the above providing we neglect ; Li: 
the last non linear term. Presumably this approximation has considerable e 
validity beyond the strictly linear regime. È 
In what follows we shall use the set of approximate relations je n 
B re ATTN € PA 
By TELI 

ET n= eni 1 ATM O25 ‘ 
No RE Bo ot n 
Given the ion density as a function of the field variables, the problem ae 

becomes completely specified. pra 


We continue to neglect the magnetic force on the ion, assuming its motion 
to be rectilinear. The linearized Vlasov equation and its solution take the 
form 


© e dg dF(u— wo) 


(05) 1 dF(u — 
dela, = È pia = ta), 


where 


F(u— Up) =| fo — Up, v) dv. 
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The second of eqs. (27) together with the above leads to the relation 


lee} 


2 re / d 
(29) gia = Pelia ME pla). 


No Ug 


Eq. (29) constitutes a dispersion relation quite familiar in connection with 
the theory of Landau damping. As stated it has no solution, but the difficulty 
is artificial. Indeed, had we included the small but finite ion current, we would 
find that the Landau damping disappears in the linear theory. This is a conse- 
quence of the fact that the resonance between particle motion and wave motion 
cannot exist when the particles have pure gyrating orbits. Rather than intro- 
ducing the correction terms of order m,/m; we prefer to remove the above 
difficulty by a quasi non-linear treatment to follow. For present purposes, 
however, we treat the integral in eq. (29) as a principal value integral without. 
further justification. The tepid plasma approximation is obtained from a formal 
expression of the integrand in inverse powers of uw). Retaining terms to lowest 
significant order we obtain 


wi ui 3k 1 | 
(x) = —2|1— —<|1+- (a 
= | al | nia) 2 ), 


(30) = 
NkT =| M (WU — Up)? Fu — Uy) du . 


— @ 


Denoting the Mach number as 


Uo 


17 DA + 30 (A) ET] 
we observe that exponential solutions exist when M > 1. 

The effect of initial plasma temperature is once again to broaden the 
disturbance in the wings and is equivalent to stating the plasma has an effec- 
tive y which varies from 3 when uw) =u, to unity when w= V3u,. Comparing 
with eq. (22) we note that for w= wu, there is a difference due to the effective 
number of degrees of freedom involved in the motion but that the difference 
diminishes as w/u, grows. 


33. Quasi non-linear approximation. — As long as we limit ourselves to. 


situations where the magnetic force on the ions may be neglected, the non- 
linear Vlasov equation for the ion distribution is readily solved. A new feature 
arises, however, since it is necessary to classify orbits in order to specify the 


solution to the non linear problem. We note that in the case of a symmetric: 
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i Adlam-Allen pulse a unique situation exists in that all particles upstream of 
i the disturbance are able to surmount the barrier provided by the disturbance 
| at the first encounter. The pulse solution breaks down when the barrier height 
| is such that the particles come to rest at the top of the pulse. 


Indeed it may be argued that any symmetric stationary pulse solution 


| must have the property that all particles upstream successfully surmount. 
| the barrier at the first encounter. If groups of particles exist upstream which 
| become reflected once or more often before they can successfully negotiate 
| the barrier, then in general an asymmetry will develop between the leading 
| and trailing edges of the disturbance. This argument seems to rule out the 
| possibility that stationary symmetric pulses can traverse a plasma containing 


a continuous distribution of particle velocities from plus to minus infinity, 


| in particular a Maxwellian distribution; for in this case there will always be 


particles present which are initially reflected by the barrier. 

It also seems evident that in regions where particles are reflected; that is 
orbit looping occurs, the magnetic force on the ions cannot be neglected. In 
the course of multiple looping and weaving back and forth near the barrier 
an ion can provide arbitrarily large contributions to the total current irrespec- 
tive of its mass. This is readily inferred from the Hamiltonian describing 
the dynamics of the ion motion: 


1 ma 
| a=; Jot CIEL TE 
(31) 


The y component of velocity is proportional to p, which grows linearly 
in time, where time varies parametrically along the orbit. Thus p, grows as 
the particle zig-zags in space and this growth need not be compensated 
by the vector potential, which may be a single valued function of space. 

An apparently self consistent formulation of the problem may be made 
by requiring that the initial distribution in the undisturbed plasma contains 
only ions capable of surmounting the barrier on the first encounter. For such 
a class of particles the magnetic force may be made vanishingly small everywhere 
and the rectilinear approximation becomes valid. This, however, forces us to 
treat physically unrealistic distributions. A somewhat similar treatment, 
but in the opposite approximation that Bj > 4a m,c? has been given 
recently (°). ° 

We now consider a symmetric potential pulse whose leading and trailing 
edges decay exponentially to zero into the undisturbed plasma and which has 


(8) A. A. VEDENOV, E. P. Veziknov and R. Z. SAGDEEv: Nuclear Fusion, 1, 
82 (1961). 


4243 


544 P. L. AUER and J. A. NATION 


a peak value denoted by y,. Whereas a number of distributions might be 
tailored to suit such a pulse, we wish to examine in some sense the effect of 
«temperature » on an Adlam-Allen pulse. Accordingly we choose a distri- 
bution containing a single stream of particles, all-of which are capable of sur- 
mounting the potential barrier at the first attempt. In the undisturbed plasma 
upstream of the disturbance 


fi(co, u) = F(u — w); U> Un » 
(32) 
Hi): U<U,, » 


where 


2eq 
Um = pe * 
Mi 


The non linear Vlasov equation for the ions is satisfied in the rectilinear 
approximation providing the distribution is a function of the total energy; 
the distribution in regions of the disturbance becomes 


(33) Leg, U) = Ji ae =e — vl : U>U(z) , 
== (De UZ U2) 5 
where 
2e è 
UD) = = (Pm 10) È 


The distribution is normalized to a constant particle flux 


— Ton 2 
(34) nou = fisc u)u du = |uF Ve + SE — u| du =|te + Up) F(z) dz. 
4 u (x) È Um —Uo 


In order to effect a close resemblance to the original cold plasma situation 
we try to choose an initial distribution bell shaped about w. Consequently 
the distribution has an upper cut off at 


2eg(a)]} 
US | (240 —Un)? — =) ; 
Mi 
and for consistency % > 4,,. 
Eq. (34) then assume the form 
(35) me pre) de; 0 =f ere dz’, 
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where Sa 
(Uo Un) Pe, a 
Ÿ a | ‘SI 
———| Je 
ooo) i 4 ; 
i è E È 3 P : er, 
The ion density in the region of the disturbance is given by er 
eh 8 + Up) F(2) dz 
(36) N+ (i E 
[ (2 na Uy)? — (2e p(a)/m,) |} 

For small values of (x) a Taylor’s series expansion yields ra 
RO 
; + 
35 ep(x) { F(z) dz eg(x) [ F'(2) de tu 
(37) AO dea ANIA EEA sr: 
mM; (2 + wo)? Mi J (8 + Up) pi Ta 
LA 

Substitution of the above result into eq. (27) immediately leads to eq. (29) su 

with the important modification that the integral is now properly defined. i ee 

The problem associated with Landau damping no longer exists since the | Bic 

particles responsible for the damping through resonant interaction with the — a 

disturbance are not contained in the self consistent distribution. It is in 

this sense that the foregoing linear analogue may be justified. 1s 
The existence of the pulse in the quasi non-linear theory is demonstrated vi i: 
using eq. (27) for the electrons rather than the full non-linear set provided ! 
by eqs. (25) and (26). Combining with eq. (36) we have y 4 ae 
nd 
2 2 d AS nf je 
von Hee B26 ae] ; 
la] = ) 5 NE, (4 
F Cc? ' Arne No ] [(2 + o)? — (2e (a)/m) if at 
TRE 
x Ò n = . DE 5 re 
A single integration of this subject to the boundary condition that g'(æ) vanish ed 
as (x) vanishes gives 33 
yey 
2 
Wi | 1 18% Mi; 
39 = [o'(a)}}= —4— wo? + (De uo) Fe) 3 
(39) 2 [g'(x)] 5 È fl Amine Nye o) F( À 
Et Vip n) vv Ge 
/ È LEQ (xX ‘ 
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In order to have a pulse the right hand side of the above equation must vanish 


for P =" Pm te 


Du 2 AT 
SO psi) = ee TES (es P 2 Rs 
(40) TE | | o (2 + Up | | ea | (2) de. 


If we place F(z) equal to n,dz, we recover, with the aid of eq. (27), the cold 


35 - Il Nuovo Cimento. 
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- 
plasma result 
- 


to Bot Bn 
Si n a 
which is the well known relation for Adlam-Allen pulses with B, correspond- 
ing tO Qn. 

The tepid plasma approximation results, as previously, from a formal 
expansion of the integrand in powers of 2. To lowest significant order eq. (40) 


provides 
1 Un 2 2 13 2 9 3 Uo 
(42) lee | = — |Uo — Uy VU — Um + Ur |] = =" 9 ; 
4 Vu Wer ZVU Un 
where 
Woy 
Us = — Me" F(z) dz, 
No. 


and we have made use of eq. (35) and tacitly assumed uz <uÿ — uÈ,. To lowest 
significant order we obtain with the aid of eq. (27) 

ui By + Bn)? DEEE 1/B, + B, 
(43) A o 2) 
Wa ABs va \B 4\B,,— Ba 


m 


m= By 
For very weak pulses an expansion of eq. (40) in powers of u*, yields 


vm op F(e)de 1 1 ( F(z)de 
( 


& + UO Li EN No 7 (2 Sie Mo) , 


UÈ, | 1 Quì 
(44) m Saona Et fa 

D 1 € 2 2 . 

ZU, UA Uo Uo 

Uo (BA 3 Up 

UA BI i 


and the above is consistent with our previously obtained linear result. 

Strictly speaking the above self consistent solution does not provide for 
any limitation on the pulse velocity beyond the relation of eq. (40) since all 
particles incapable of passing over the barrier are absent. Nevertheless, we 
may inquire what value w% reaches when some of the particles are brought 
to rest at the LOD of the barrier. At this point wu) = u_, and in the cold plasma 
the corresponding value of uw is 2u,. To lowest significant order eq. (40) 
provides 


2 TA 
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We note that à finite spread in initial velocities decreases the value of the 
critical pulse velocity in a highly non analytic manner. As an order of magni- 
tude approximation the above states 2 — 2%,|1 —Vu,lu,] at the critical 
point in a tepid plasma. 


4. — Discussion. 


The analysis of the preceeding sections indicates that an initial distribution 
of particle velocities affects a magneto-compressional disturbance in the fol- 
lowing manner. 

The criterion for the formation of a pulse becomes modified by the initial 
temperature due essentially to a plasma contribution to the sound speed. 
Furthermore the initial temperature broadens the disturbance in the wings 
in both the heavy electron and the more realistic light electron models. 
For u=%, these two cases may be described by an effective y=2 and 3 
respectively. These values correspond, not unsuprisingly to systems with 
two and one degree of freedom respectively. 

We have argued on the basis of certain non-linear considerations that if 
the initial particle velocity distribution extends everywhere in velocity space, 
a symmetric stationary solution may not exist. In this case orbit looping 
becomes important and the rectilinear approximation for the ions fails. The 
answer to the interesting question of whether such asymmetric solutions can 
give rise to something resembling a collision-free shock is beyond the scope 
of the present analysis. 


RIASSUNTO 


La propagazione di impulsi stazionari in direzione perpendicolare ad un campo 
magnetico in un plasma freddo fu originariamente discussa da ADLAM e ALLEN (1). 
Fu trovato che gli impulsi esistono quando il rapporto tra le velocità dell'impulso e 
la velocità di Alfvén è maggiore di uno. Una caratteristica essenziale della teoria non 
lineare è che i campi crescono esponenzialmente nella regione del plasma indisturbato, 
risultato che si può ottenere anche dalla teoria linearizzata. Guidati da ciò abbiamo 
esaminato il problema stazionario per un plasma tiepido per stabilire se il plasma 
è capace di sopportare campi crescenti esponenzialmente. In questo articolo si dà 
un'analisi lineare e quasi non-lineare del problema e si dimostra che gli impulsi 
esistono quando la velocità della perturbazione è supersonica. Si dimostra anche che 
il range di velocità per cui si formano impulsi è ridotto in maniera fortemente non 
analitica. 
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The Role of Ion Currents 
in the Formation of Space Charge Sheaths 
in a Low Pressure Arc. 


P. L. AUER (*) 


Laboratorio Gas Ionizzati (EURATOM - C.N.E.N.) 
clo Laboratori Nazionali di Frascati - Roma 


(ricevuto P11 Agosto 1961) 


Summary. — It is shown that conditions leading to the establishment 
of a space charge sheath in the positive column of low pressure ares 
provide for a minimal requirement in the positive ion current delivered 
to the sheath. The minimum required current for a given ion is a function 
of only the electron density and temperature and is independent of the 
specifie mechanism of ion production for the special case of a plane sym- 
metric discharge. These conclusions are used to shed light on the familiar 
Bohm criterion, which is found to be misleading. The effect of magnetic 
fields and possible plasma instabilities is briefly examined. 


1. — Introduction. 


We wish to re-examine an old problem which is concerned with the nature 
of a plasm-sheath transition in the positive column of a low pressure are, 
Im this context a low pressure arc is any discharge system with physical di- 
mensions small compared to the ion collision mean free path. The positive 
column defines that region which is positive ion-rich. Assuming, for the 
sake of simplicity, that there is only a single ionie species present and that it 
is singly charged, then the plasma is that region where 


(1a) (N — N)IN € 1 ; 


e 


(*) John Simon Guggenheim Fellow 1960-61. Permanent address: General Electric 
Research Laboratory, Schenectady, N. Y. 
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while the space charge sheath is that region where 
7 T TRES 4 
(1b) (N N)/N, ZZ 1 ? 


and N, N, denote, respectively the ion and electron particle densities. 

It will be noted that we are dealing with ion-rich space charge sheaths 
exclusively. This is the situation which arises naturally when an insulating 
wall is in equilibrium with the positive column. Electrons arriving at the wall 
charge it negatively until a sufficiently large negative potential is produced 
at the wall with respect to the plasma. The magnitude of this potential is 
determined by the requirement that the electron flux, J,, just balance the 
ion flux, 7,, at the wall. On account of the large disparity in ion and electron 
masses, the above requirement leads to the establishment of a region in the 
vicinity of the wall which must be heavily ion-rich. A similar situation is to 
be expected whenever a highly biased negative probe is introduced in the 
positive column in order to collect ion current. 

Historically there have been two approaches to the description of the posi- 
tive column, these two approaches being concerned with either one or the other 
of the regions defined by eq. (1). In their classic paper on the subject TONKS 
and LANGMUIR (1) showed that the potential distribution in the plasma cor- 
responding to a given model of ion generation could be readily obtained pro- 
viding space charge is neglected. That is, inequality in eq. (1a) is obeyed to 
a high degree. Subsequently HARRISON and THOMPSON (?) showed that the 
analysis is greatly simplified for plasmas with planar symmetry. A common 
property of these solutions is that for some given value of the potential infinite 
electric fields obtain and the physical validity of the solution breaks down. 
Assuming that the electrons are in thermal equilibrium in the plasma at a 
temperature 7, HARRISON and THOMPSON show that this blow-up point occurs 
at —eV/kT=0.8539 for a plane plasma and the point is independent of the 
specific ion generation scheme. It is assumed, however, that all ions are born 
at rest. In the above V is the local potential, e the magnitude of the electronic 
charge, and k is Boltzmann’s constant. 

Alternatively one can adopt the point of view that the plasma is a region 
of large extent in comparison with the sheath, and that in the plasma the 
electric fields are vanishingly smail in view of eq. (1a). Nevertheless, an ap- 
preciable potential may develop across the plasma on account of its extent. 
Furthermore, the space charge sheath is a region essentially devoid of electrons 
or of ion generation and the variation of potential is quite large over distances 
small compared with the plasma’s dimension. Assuming that it is meaningful 


(1) L. Tonks and I. LANGMUIR: Phys. Rev., 34, 876 (1929). 
(2) E. R. Harrison and W. B. THompson: Proc. Phys. Soc., 74, Pt. 2, 145 (1959). 
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to speak of a potential which serves to demarcate plasma and sheath, BOHM (*) 
showed that the continuity of potential across the demarcation requires that 
—eV,/kT > 0.5; where V, is the potentia lat the plasma-sheath boundary and 
electrons are once more assumed to be in thermal equilibrium. Subsequently 
ALLEN and THONEMANN (4) showed that some of Bohm’s assumptions could 
be relaxed in arriving at the plasma sheath potential criterion. Both analyses 
have in common the assumptions that the inequality of eq. (1a) is strongly 
obeyed up to V, and that the cold ion stream arriving at the sheath from 
the plasma is monoenergetic. In the current literature the Bohm criterion 
is commonly interpreted to mean that the formation of a stable sheath requires 
ions to enter it with velocities of the order of (kT/MŸ or greater, where M is 
the ion’s mass and 7' the electron temperature. 

In what follows we shall treat positive columns of planar symmetry in 
which the electrons are assumed to be in thermal equilibrium and the singly 
charged positive ions are born at rest. The extension of our arguments to more 
complicated systems follows readily but will not be given here. In our model 
the ions are treated as free particles falling to the wall under the influence 
of mutually generated space charge fields. It will be shown that the Bohm 
criterion for such a system is essentially incorrect. Instead we find that the 
existence of a space charge sheath requires that the ion current flowing to the 
sheath exceed a certain minimum value which, in turn, is independent of the 
specific mechanism of ion production. Furthermore, in so far as it is pos- 
sible to speak of a plasma region as one where the inequality of eq. (1&) is 
obeyed to a high degree, then the potential which marks the extent of this 
region must be less that the blow-up potential referred to previously; that is, 
eV kT <0.8539. This, of course, places an upper bound on the velocity, with 
which ions arrive at the terminus of the plasma. <A brief discussion will also 
be given of the effect of magnetic fields on the above criteria as well as the 
problem of plasma stability which may arise on account of ionic currents flowing 
from plasma to sheath. 


2. — Integral relations. 


We consider à positive column of planar symmetry extending from i 
to +2, with surfaces at +, held at some negative potential = with 
respect to the origin. In particular we shall be interested in conditions where 
(eV,;>kT. The main discharge current carried by electrons flows in the y 
direction and the accompanying magnetic field in the + direction will be neg- 


(*) D. Boum: Characteristics of Electrical Discharges in Magnetic Fields, chap. 3, 
ed. by A. GUTHRIE and R. K. WAKERLING (New York, 1949). 
(4) J. E. ALLEN and P. C. THONEMANN: Proc. Phys. Soc., B 67, 769 (1954). 
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lected initially. The system is assumed to be uniform in the y-: plane. 
Let x, w denote the position and speed of ions in the x direction and as- 
sume that the ions are produced by some unspecified mechanism throughout 
space. We shall assume that the ions are created at rest and there are no 
sinks for ion flux in the column itself; thus 
) ul » > . 
(2) MORO 
and the prime denotes differentiation with respect to argument. 
In regions where the potential is a monotonic function of distance the 
probability distribution of ions in w-w may be written as 


(3) fer, 0 =] Hit G + 


where 6 is the usual delta function of Dirac. 
In terms of f the ion density and flux become 


No (4) = 2| fle u) du, 
0 


(4) © 
JL 2 frite, u) du. 


0 


The following reduced variables will be used 


eV 
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where N, is the electron density at the origin. 
From eq. (2) and (3) we find 
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Assuming j, has a continuous derivative, the above integral relation is readily — 
inverted (it is Abel’s integral equation) to yield 


; 7 
dr re À LA Np (170) dijo 
(7) IV) ea pe sii 
«ROS 0 TT fl V 1] aa Yo 
A 0 
Bi 
se With the ion enrrent at the origin taken as zero, the above may be integrated 
3 in the form 
ed 
(8) in) = = i ee 
EME ae 
— The relations of eq. (6) to (8) are, of course, exact. The first of these leads to 
the «plasma equation » of Tonks and LANGMUIR. The inverted form of it 
_ given by eq. (7) leads to the analysis of HARRISON and THOMPSON. For our 
| purposes eq. (8) is the fundamental equation. 
We write the reduced electric field and Laplacian of the potential as 
: one 
P eni 
(9) DI 
P'n)=2—. 
Poisson’s equation now takes the form 
MR (0) à n(n) = (4) + F'(n) 
and with the assumption that the electrons are in thermal equilibrium we have 
i #11) n(n) = exp [— 1]. 
Met Meli ; 
Substitution of eq. (10) and (11) into (8) yields the following expression for 
¥ ah, the ion flux 
CE ! 
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| By definition the positive column is a region where the ion density always 
exceeds the electron density, although one may still speak of an essentially 
neutral region, which is the plasma. In either case we require, on the basis 
of eq. (10) 


(13) HIER ONE 

and that this condition be obeyed throughout the region under consideration. 
The above condition with the additional requirement that the potential be 
monotonic defines the nature of the plasma-sheath transitions allowed in a 


positive column according to our model. 
It readily follows from eq. (13) and the definition of /, that 


(14) 1,(n}> 9 ; 

consequently we are led to the fundamental relation 

(15) | jg) (yn); 

the quantity /,(7) is a double valued function of 7 with a maximum at 7 — 7*, 
which is found by requiring the derivative 


(16a) 1;(n) Ge SA) 


to vanish for 7=7*. According to HARRISON and THOMPSON 


| ni = 0.854, 


#4 LL(7*) = 0.345. 


In the sheath the potential rapidly approaches the wall potential which has 
been assumed large compared with unity and we are led to the following 
theorem. 


Theorem I. — Assuming a sheath to exist with regions of 7 > 7* and as- 
suming the potential distribution to be monotonic from plasma to sheath in 
the positive column, it becomes necessary to require that a minimal ion flux 
enter the sheath such that in the sheath 


1, > L(n*) = 0.345, 
J > 0.488 N (kL M) 


The point of demarcation between plasma and sheath is, after all, a smooth 
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one. Nevertheless, we may define the plasma region, in accordance with 


eq. (la), as that region where 


F'(n) =[n(M)—n(M]<Kexp[- n}, 
(dd) d 


LF'(n) |= |M — nn) | < exp [—7] : 
dy 


The condition of continuity of ion production given by eq. (2) states 


(18) n= el LEA 
where we made use of eq. (12) and (16). According to our definition of the 
plasma region given by eq. (17), the quantity I;(n) does not contribute to the 
inequality of eq. (18) inside the plasma. Since the sum of the first two terms 
on the r.h.s. above becomes negative for 7 > 7*, we are led to the following 
theorem. 


Theorem II. — If the plasma region of the positive column is to extend 
from 0<7<%; and if the plasma region is defined to be the region in which 
net space charge and the rate of the net space charge production is insignificant, 
as prescribed by eq. (17), then this region is restricted to values of the po- 
tential such that 


Hei == MISTA 


Should one consider 7 >, to be the sheath region, then the above theorem 
places an upper limit on the speed with which ions can enter the sheath. The 
arbitrary nature of this requirement may be improved upon if we consider 
the root mean square speed at arbitrary points in the positive column. By 
definition the mean square speed can be written as 


| s È ZEN Fe i 
(19) INS (UE (1) 1 nn)u(n) = 2 | u? fla, u) du. 
: 6 
Substituting from eq. (3) we obtain 
” 7 


(20) (7) ui (7) = | \ Ul — No jo (70) dro = No (7) -| 3 "o À (No) dro " 
YY] 


0 0 
where we have used eq. (6) in obtaining the second relation above. Since the 
second term on the r.h.s. of the last relation is positive definite by virtue of 
eq. (2), we may state the following. 
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Theorem III. — The root mean square speed of ions in the positive column 
has an upper bound at any given point, such that 


ww) < VTT , 


U,(a)< V—2,V(x)/M. 


The above theorem is somewhat trivial since it follows obvionsly from our 


model of ion production and acceleration. 


8. — Influence of the sheath. 


We define the sheath to be that region where the inequailty of eq. (1b) 
is well obeyed. Since ultimately ion production must be related to electron 
density, the sheath is a region where ion production is essentially non existent. 
At this stage we may compare our above results with those of Boum, who 
considered a single velocity group of ions in the sheath. With this assumption 
the ion density becomes 


(21) He) == Fol V7 


where j, is the constant ion flux in the sheath. It is not wise to extend the 
above expression to the plasma region since it implies infinite density at the 
origin. The validity of eq. (21) will be discussed subsequently. Combining 
eq. (21) with eq. (10) and (11) we obtain 


(PM = jolv 7 — exp"), 
| F'n) = exp [1] — 3 joint 


The plasma-sheath boundary is defined to be the point 


5 [Fn =0. 
i LP") 0, 


the second inequality following from the requirement that the potential be 
continuous for arbitrary, small, electric fields. From eq. (22) and (23) we 
obtain 

| Jo A Ns exp fe Ns] ; 


(24a) ee 
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We note that the function 47e” has its maximum at 7=4; therefore, 
eq. (24a) implies an upper limit to the current 


(240) jo < 0.5 exp [— 0.5] = 0.429. 
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There is no obvious physical reason to expect an arbitrary upper bound 
to the current in the sheath since the actual value of the current must be tied 
to the specific mechanism of ion generation. Thus, eq. (245) certainly can’t 
be true in general. The criterion of 7,> 4 is of no particular significance, 
either, since the definition of 7, is rather arbitrary. All this has been touched 
upon in the previous discussion. 

The concept of the sheath can be made somewhat more precise if we 
assume that ion production vanishes for all 7 >#., where the relationships 


of the cut-off 7, to 1, or 7* is left unspecified for the time being. Eq. (6) takes 


the form 


Sal dr 
(25) n(n) = (AO let n= 


Substituting the above and eq. (11) into eq. (10), we integrate to obtain 


Ne 


(26) PM) = 2 | Vn— Mo Îo(1) Aro — [1 


0 


exp [7]|]: n > Hes 


Assuming 7 to be large compared to both 7, and unity, eq. (25) and (26) may 
be integrated by parts to yield 


| F(m) = 27e) Vin — me —1 + 0(1/V7),; 


bo 
=] 
— 


| Non) = (ne) VN — Ne —0(1/7). 


Therefore, in the sheath the ion current behaves essentially as a single velocity 
stream once the local potential appreciably exceeds the cut-off value and unity. 
But in this region the space charge is in general large and Bohm’s analysis is 
inapplicable. 

In the sheath the ion current flow will be essentially space charge limited 
by a modified Langmuir-Childs law, which can be obtained from eq. (27) and (9) 
in the form 


ea) De) À 6m — Ne)? (men PE), 


where the subscripts 1 and 2 label two points within the sheath in the sense 
of the above discussion. From the above we infer that there need be no limi- 
tation to the maximum ion current entering the sheath beyond that given by 
the specific nature of ion generation. Should some agency act within the plasma 
to change the ion flux for given fixed wall potential, the width of the space 
charge sheath simply changes in accordance with eq. (28). 
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It is conceivable that in some instances the cut-off potential 7, and sheath 
potential 7, though quite different in magnitude, occur at nearly the same 
point in space. This is to be expected whenever the plasma is of very large 
extent in comparison to the Debye length (45 = kT/4N,e?). In the transition 
from plasma to sheath the potential will vary almost exponentially since F’ 
and F are both quite small. The electron density will, in turn, decrease super- 
exponentially over distances comparable with the Debye length, that is, over 
distances insignificant with the plasma’s extent. Under these circumstances 
we expect the inequality of Theorem I to approach an equality, independent 
of the specific mechanism of ion production. 

Alternatively, one might say that as 


june) > L(n*) = 0.345, 


the Debye length becomes vanishingly small in comparison with other physical 
dimensions and the positive column has a well defined plasma-sheath structure. 
The converse also follows, in the sense that when the Debyel ength becomes 
comparable with other physical dimensions the cut-off potential will actually 
approach the wall potential and 
j, (Ne) > L(n*) = 0.345 

assuming 7 at the wall is still large compared with unity. Of course, under 
these circumstances eq. (28) is not valid and the distinction between plasma 
and sheath loses significance. 


4. — Effect of magnetic field. 


Until now the magnetic field has not entered into our discussion. In general 
there is a self-magnetic field transverse to the main discharge current and 
lateral ion flux. In addition there may also be present an externally imposed 
magnetic field in the same or opposite direction. We shall not consider fields 
parallel to the discharge current, since their effect is of a higher order than 
that considered presently. Thus, the geometry is the same as before with 
ion flux in the x direction, main electron discharge current in the y direction, 
and magnetic field in the + direction. We continue to assume the positive 
column to be uniform in the y-2 plane. Although the symmetry about the 
origin is destroyed by the presence of an external magnetic field, we do not 
take this into explicit consideration and shall continue to assume that in both 
—X,<X<0 and 0<X< X, the potential is monotonic. 

We shall assume the magnetic field is so weak that the gyration radius of 
ions is very large in comparison with other physical dimensions. Therefore, 
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the curvature of ion trajectories is to be neglected and any effect obtained 
because of the magnetic field’s presence will arise from its action on electrons. 
Assuming the electrons are in hydrostatic equilibrium with the electric and 
magnetic fields we have instead of eq. (11) 


d 
eee (pen). 
ne) dn (Pe + D?) 
p(y) = PAL)| NokT, 
b'(n) = B*(x)/82NokT , 


where P, is the electronic pressure and B is the magnitude of the magnetic 
field. The expression for the ion density in this approximation remains the 
same as given by eq. (6). Combining eq. (6), (29) and (10) followed by an 
integration leads to a statement of stress balance in the form 


(30) Fy) + [b7(0) — b°(n)] + [p.(0) — p.(n)] = 


n 1] 


3 +/ Io ) 
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0 
In the above form it becomes apparent that the requirement of minimal ion 
flux in the sheath is related to the requirement of stress balance across the 
plasma, where the electric field stress is vanishingly small. In the absence 
of a magnetic field the ions are only required to balance the electron pres- 
sure drop in the plasma; whereas with the magnetic field present the ions 
will balance the combined pressure. Thus, to determine whether the magnetic 
field increases or decreases the minimal ionic current it is only necessary to 
compare the total pressure drop across the plasma in comparison to its nominal 
value of (1—exp[—vy7*]) in the absence of magnetic fields. 
As long as b? remains appreciably less than unity everywhere, it is reason- 
able to assume that the electron velocity distribution continues to be isotropic 
in the direction and we can write an isothermal equation of state in the form 


(31) p(y) = nn). 


Inserting the above into eq. (29) we obtain 


dn. 4 db? 
dy Fri dy ; 
(32) È 


db? 
n(n) = exp[t— N] 
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i By the arguments leading up to eq. (12) and (15) we obtain their counterparts 
in the form 


(33) 


) where 


1 d i, : 3 db 
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and I,, I, are given by eq. (12). 

According to the above relation the effect of the magnetic field on the 
i minimal ion flux depends on the sign of the magnetic pressure gradient, which 
in our model is proportional to db?(7)/dy. 

It is evident that the magnetic pressure gradient of the self-field, i.e. due 
to the discharge current, is always positive; consequently the effect of the 
i self-field is always in the direction of decreasing the minimal ion flux required 
for the existence of a sheath from the value specified by Theorem I. In the 
event the external magnetic field is in the same direction as the self-field, the 
above effect can only be enhanced. However, where the external and self 
magnetic fields have the opposite sense, there may occur a partial cancellation 
or overcancellation in gradients and the sign of the total magnetic effect is 
no longer self-evident. 

In order to obtain a semi-quantitative estimate of the magnetic field effect 
we wish to evaluate approximately the maximum value of /;(7°). Should this 
occur for some 7 =7'<1, we can say with some assurance that in the sheath 
j, will exceed I,(n°). We differentiate eq. (34) to find 


(35) Ai for j=. 
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( ) 37] av nt TT Vv n— No do 
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| We note that as b? or its gradient vanishes eq. (37) reduces to N27 Oe 
small, but not vanishing, values of b? we expect 7° to be close to 7*. Deve- 
lopping both sides of eq. (36) and (37) in a Taylor’s series about 7* we find 


(38) 4 


Any further estimate of magnetic field effect requires some information | 


about the variation of magnetic pressure with electric potential. For example, 
it may be argued that the currents responsible for the magnetic gradient are 
concentrated largely within the plasma, where the electric potential is essen- 
tially flat. In this case the major contribution to the integrals in eq. (38) 
“comes from the neighborhood of 7=0, and qe find approximately 
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where Ab? is the magnetic pressure difference across the plasma. 
The analysis of this section could have been based on the idea of an effective 


Hal » potential g(7), where 

bed Ç 
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ea 
(404) y(n) = n + ni vb dé, , 

and v is the electron drift velocity in the y direction, e is the velocity of light. 
“s+. Instead of eq. (32) one obtains 

“LMP 
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ne 
Mic i (408) n.(7) = exp[—p(n)]. 
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i | This was the procedure adopted by ALLEN and MAGISTRELLI (°) who considered 
3 an isothermal electron distribution with constant drift velocity and a single 
| ibaa . Se À n . = 
et, velocity group of ions. They find by arguments previously given (4) that 
Be ..  Bohm's concept of a sheath potential takes the form 

iy : ' 

“ta À ke “4 7 . 1 
eae ns = 4/(1+ où) , 
pry. (41) E 
PRI dn : A — ) à / al — CL 
CAO ds = [vb/cV F],2, = »/(F) : 
f Bigs”? : n="s 
. 4 7 
"à 8 . where # is the electric field in the x-direction. The same objection voiced in 
“ek CERN STO Ae : : er : : 
ee È Section 3 in connection with the original Bohm criterion may be repeated in 
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Joss i 
M - () J. E. ALLEN and BP. MAGISTRELLI: Nuovo Cimento, 18, 1138 (1960). 
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this instance in that the sheath potential concept is somewhat vague and the 

single velocity group approximation is only valid in the sheath proper, where 

the electric field no longer makes vanishing contributions to stress balance, 
We note that if we write the effective potential (7) in the form 


n 


(42) y(n) = n + | ext) Ane 


0 


and if we treat x as if it were a constant in the plasma region, we obtain 
rigorously 
1 


(43 Tin LITE dia Et). 
) (n°) vo (REP) n = A+) 


The above relation is of the same form as the one derived by ALLEN and 
MAGISTRELLI and given by eq. (41). However, there appears to be no par- 
ticular reason why the quantity x, which is the ratio of the electron drift 
velocity to the £ x B drift produced by uniform fields, should remain constant 
in the plasma of a positive column. 

In conclusion we find that the results of Section 2 are modified by the 
presence of a magnetic field through its contribution to overall stress balance. 
If the electron gas remains in isothermal equilibrium, Theorems I and II are 
changed in that Z,(n') and 7° must be substituted for Z,(7*) and 7*, respectively. 
Theorem III, as stated, remains unaffected. 

However, it should be stressed that there are many other equilibrium states 
besides the isothermal one conforming to eq. (31). For example, it is con- 
ceivable that the electron gas be in equilibrium but at zero pressure. Thus 
its drift velocity will be proportional to the ratio of electric to magnetic field 
strengths, and the electric field will have to adjust itself to requirements dic- 
tated largely by the conditions of ion production. 


5. — Instabilities. 


We wish to discuss briefly whether the stationary equilibrium described 
in the preceding sections is stable or unstable to small amplitude electrostatic 
perturbations. For purposes of this discussion we idealize matters by consi- 
dering the plasma and sheath to be separate entities which may be treated 
independently. Dealing with the sheath first, we note that this is essentially 
a region in which a constant ion flux flows under its own space charge forces, 
the role of electrons being negligible. It is relatively easy to show that there 
are no inherent instabilities to be ascribed to this situation. 


36 - Il Nuovo Cimento. 
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Consider the general one-dimensional problem of a single charged fluid in 
stationary equilibrium with a force field. We write for the density n(.r) + dn(, t) 
and for the velocity u(#)+du(z, t) where the time dependent terms are small 
perturbations about the equilibrium state. Since in equilibrium the flux is 
constant, we have in general 


(44) n(x)u(x) = constant . 


From the equations of continuity, motion and the Poisson equation we obtain 
the following equation for the perturbation 


ee TAC da DIS ESE (a) du <0 
È | u(æ) > I + u(r”) — + Ay ONE: 05 


w(x) = 4re?n(x)/m, 


where e/m is the charge to mass ratio of the fluid particles. The co-ordinate 
transformation 
È 


(46) = (| So 
U(2o) 


transforms eq. (45) to the form 


(47) 


ae 
a “i Lt) lulæjou(m; 1)] = 0, L(x)u?(æ) = w2(a) : 


which will be recognized as the one dimensional wave equation with real pro- 
pagation vector. The solutions of eq. (47) are, of course, stable. 

The situation in the plasma is quite different from that of the sheath. In 
the plasma electrons and positive ions of nearly equal densities are in relative 
motion with respect to each other. 

As is well known, under these conditions, it is possible to excite two stream 
instabilities. Neglecting for the moment the effect of non-uniformity, the 
necessary condition for instability is that the arithmetic mean of the indi- 
vidual particle distributions, weighted according to their respective plasma 
frequencies squared, possess a minimum (°). It is to be expected that in 
general this criterion can be met in the plasma in spite of the fact that there 


(9) P. L. AvER: Phys. Rev. Lett., 1, 514 (1958). 
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is no net current under equilibrium conditions. The reason is that in the 
absence of collisions the electron distribution will tend to resemble a truncated 
Maxwellian distribution, their contribution to the net current arising from 
the energetic electrons escaping over the potential barrier, whereas the ion 
distribution will resemble a 6-function. 

More detailed considerations lead to estimates of a sufficient criterion for 
instability. Assuming cold ions and electrons in thermal equilibrium at the 
same density, there exist low frequency ion oscillations according to the 
relation 


Ovi 
pa (kAp) 2? 


2 
CIE 


where © is the frequency, & the propagation constant, ©,, the ion plasma 


frequency and 7, the Debye length corresponding to the electron temperature. 
The short wave length oscillations at the ion plasma frequency have a large 
Landau damping coefficient, the long wavelength oscillations travel at a con- 


stant phase velocity 


ofk=+VkT/M, 


and are virtually undamped. The approximate sufficient condition for insta- 
bility is that the relative directed velocity of ions and electrons exceed the 
above phase velocity (7). 

According to our previous discussion in Section 2, the above criterion is 
either closely approached or actually met somewhere in the plasma in view 
of the fact that on the average the electrons are nearly at rest while the 
directed motion of ions is nearly one-half, if no greater, than the above phase 
velocity. Although there are several mitigating factors present in a real dis- 
charge system which may eliminate the onset of instability—for example, 
collisions, damping due to density gradients, finite interaction space between 
ion current and plasma—it is nevertheless quite conceivable that in the ideal 
plasma with extent very large compared to the Debye length but very small 
compared to the collision-mean-free path the possible existence of two-stream 
instability acts as a velocity, and thereby current, limitation on the ion stream 
within the plasma. 

Once again the effect of such a current limitation is to move the inequality 
of Theorem I in the direction of an equality. It should be possible to inves- 
tigate experimentally whether two-stream instability plays a dominant role 


(7) I. B. BERNESTEIN E. A. FRIEMAN, R. M. Kutsrup and M. N. RosENBLUTH: 


Phys. of Fluids, 3, 136 (1960). 
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in establishing the ion current requirements of the positive column since a 
plasma on the verge of instability should give rise to density fluctuations well 


above the thermal equilibrium value. 


It is a pleasure to acknowledge a number of illuminating conversations with 
Dr. J. E. ALLEN from which the present investigation benefited at all stages. 
The generous hospitality of the Laboratorio Gas Ionizzati is also gratefully 
acknowledged. 


RIASSUNTO 


Si dimostra che le condizioni che portano alla formazione di una guaina di carica 
spaziale nella colonna positiva degli archi a bassa pressione, impongono un minimo 
alla corrente di ioni positivi alla guaina. Questa corrente per un dato tipo di ioni 
è funzione soltanto della densità e della temperatura elettronica ed è indipendente 
dal meccanismo specifico della produzione di ioni nel caso particolare di una scarica 
a simmetria piana. Queste conclusioni sono impiegate per meglio illustrare il noto 
criterio di Bohm che, come qui è dimostrato, può condurre a false interpretazioni. 
È studiato anche, brevemente, l'effetto di campi magnetici e di possibili instabilità 
di plasma. 
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Uniqueness of the Electron Polarization Operator. 
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Physics Department, University of Virginia - Charlottesville, Va. 


In, Jal, (GOOD, dhe, (0) 


Institute for Advanced Study - Princeton, N. J. 


(ricevuto il 17 Agosto 1961) 


Summary. — The most general three-vector polarization operator, that 
commutes with the Hamiltonian and has the algebra of spin one-half, 
is constructed for a free Dirac particle. The non-uniqueness inherent 
in this operator may be resolved by imposing either of the following 
two conditions: 1) the operator should be well-defined in the rest system; 
2) it should correspond to the space part of a four-vector operator 
evaluated in the rest system. In either case the operator obtained is the 
Foldy-Wouthuysen transform of fo. 


There are several operators that can be used to describe the polarization 
of a free electron; CALOGERO (1) has listed many of them and discussed some 
of their properties. However, among all the possibilities, the operator O,, 


defined by 
(1) O, = 0: p(H/|H|) p + p x (Bo xp) 


and first introduced by STECH (7), is to be preferred for the reasons presented 
below. Here p is p/p, the unit momentum operator, and the Hamiltonian is 


H=a:p+f. 


— 
bo 


(‘) National Science Foundation Senior Postdoctoral Fellow 1960-61, on leave 
from Institute for Atomic Research and Department of Physics, Iowa State University, 
Ames, Iowa. 

(1) F. CALOGERO: Nuovo Cimento, 20, 280 (1961). 

(2) B. Stecu: Zeits. Phys., 144, 214 (1956). 
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The reasons for considering ©, especially are: 1) It has the algebra 
(3) 0,0; = di -P0e10x(B/\H|)- 

2) It commutes with the Hamiltonian, as well as with p, 

(4) FORE = OG 


3) It corresponds to the definition of polarization used in many earlier papers. 
That is, if $ is the direction of polarization of a state in the sense of DARWIN (*), 
Mort (4), abd TOLHOEK (5), then the system is in an eigenstate of O,-8 with 
eigenvalue +1. The properties of the operator O, and its relations to some 
of the other polarization operators have been worked out by FRADKIN and 
Goop (°) and their notation is used in the present paper also. 

In view of the usefulness of this operator it is interesting to inquire into 
its uniqueness. We have therefore considered the problem of finding the most 
general Hermitian vector operator O that satisfies eqs. (3) and (4). It is known 
to begin with that O, as given by eq. (1) is a particular solution; the general 
solution is given in eq. (14) below. 

The problem is simpler in the Foldy-Wouthuysen representation (7). For 
any operator A the transformed operator A,, is defined by 


“FW 
(5) A,y = exp[iS]A exp[—iS], 
where 
(6) exp[+ #8] =[2|H|((H|+ 1] 6[6(|H|4+1) 4 a-p). 


It is known that H,,, is B|H| and that O,,,, is Po. Eqs. (3) and (4) become 


(7) IRIS 0 o 


FW SFW tj se Cerrl 


(3) EA 


and the problem is to find the most general operator that satisfies these equations. 

Eq. (8) implies that O,,, depends linearly only on the matrices 1, By eas 
and fo. Eq. (7) implies that O,, is a similarity transformation from po. 
Since O is to be Hermitian the transformation must be unitary and since O 


(3) C. G. DARWIN: Proc. Roy. Soc. London, A 120, 621 (1928). 

(4) N. F. Morr: Proc. Roy. Soc. London, A 124, 425 (1929). 

(5) H. A. ToLHOEK: Rev. Mod. Phys., 28, 277 (1956). 

(5) D. M. FRADKIN and R. H. Goon Jr.: Rev. Mod. Phys. 33, 343° (1961). 
() L. L. Forpy and 8. A. WoOUTHUYSEN: Phys. Rev., 78, 29 (1950). 


> me 


4266 


UNIQUENESS OF THE ELECTRON POLARIZATION OPERATOR 567 
is to be a vector o and fo must enter in the form o-p and fo:p. One con- 
cludes that 
( ta I) 12 È > 
(9) OF = 25) |- -2h,. \Po.exp [tic |, 
where 


(10) Fong n 3[0, "e 0,6 1 0,0: P Sia Op 0° pl 


and the 0, are real parameters. This means that, in the original representation 


(11) O = exp[—iR]O, exp[iR], 
where 
(12) R =4(0,+ 0, (H/|H}) + 6,0°p + 0,(H/|H|)o-p]. 


It is clear that £ is the most general operator that commutes with Æ and has 
properties 1) it is Hermitian, 2) it is constructed from the momentum ope- 
rator and the Dirac matrices only, 3) it is a scalar under space rotations. 
The first two terms in À do not contribute and one can simplify by writing 


(13) exp [470,0-p] = cos 10, + ?0-p sin +6, 
and similar for the 0, term. The final result is 


(14) O=o-p(H/|H|)p +[cos0, cos 6,— (H/}H|) sin 6, sin 6,] p x (Bo x p) + 
+ [sin 0; cos 0, + (H/|H|) così, sin 0,| fo Xp . 


One sees that O is produced by rotating O, about the p direction. 

It is seen that eqs. (3) and (4) leave considerable freedom in the choice 
of the operator O. The first term in eq. (14) must always be present but then, 
by choosing the 0°s to be multiples of 7/2, one finds four other possible terms 
which may be added or subtracted. The first term is axial under the parity 
transformation, px(fo xp) is axial and foxp is polar. The first term, 
P (Pop), and (H4/|H|)foXxP are unchanged by charge conjugation whereas 
the other two types of terms change sign. Therefore in processes that conserve 
parity and that are charge-conjugation invariant only the operators 


(15) O,, = 0: p(H/|H|) p + p x (Bo xp) 


would be appropriate. However, for the processes which do not conserve 
parity but which are covariant by combined inversion the operators 


(16) O,,= 0° p(H/|H|)p +foxp 


{ 
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could be used, since both terms here are axial under combined inversion. 
Perhaps the most important consideration is that the operator should be well- 
defined in the rest system of the particle. Only O, satisfies this requirement 
and it reduces to fo. 

There is another criterion which may be imposed on the polarization ope- 
rator. It is known (6) that, if (O,,0) are the components of a four-vector 
in the rest system, on Lorentz transforming to the laboratory system one 
obtains the covariant Bargmann-Wigner (8) operator 


(137) T, = HV =P) ? 


where p, is 1H. If the same Lorentz transformation is applied to (O, 0), with O 
as given in eq. (14), a covariant result is not obtained in general. The only 
circumstance under which the transformed operator is covariant is the case 
in which O=O,. The reason for this result is apparent when one considers 
that the unitary transformation of eq. (11) will not commute with the Lorentz 
transformation of the wave function. 

It is concluded that, despite the non-uniqueness which one first notices in 
R (and which is also in the Foldy-Wouthuysen transformation), one can, by 
the imposition of reasonable requirements, eliminate the ambiguity in the 
definition of the polarization operator. 


One of us (R.H.G.) is grateful to Professor J. ROBERT OPPENHEIMER for 
the hospitality of the Institute for Advanced Study. 


(9) V. BARGMANN and E. P. WIGNER: Proc. Nat. Acad. Sci. U. S., 34 211 (1948). 


RAS IS UNDO () 


Si costruisce il più generale operatore trivettoriale di polarizzazione, che commuta 
con l'Hamiltoniano ed ha un’algebra di spin 3, per una particella libera di Dirac. La 
non-unicità inerente a questo operatore può essere risolta imponendo una delle due 
seguenti condizioni: 1) l'operatore deve essere ben definito nel sistema in quiete; 
2) deve corrispondere alla parte spaziale di un operatore quadrivettoriale valutato 
nel sistema in quiete. In entrambi i casi l'operatore ottenuto è la trasformata di 
Foldy-Wouthuysen di fo. 


(*) Traduzione a cura della Redazione, 


4268 


IL NUOVO.CIMENTO Woe, DOO, ING Be 19 Novembre 1961 


A Theoretical Approach to High-Energy Pion Phenomena. 
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(ricevuto il 18 Agosto 1961) 


Summary. — A theoretical analysis of the main features of high-energy 
strong interactions is performed. First of all, by applying dispersion theory 
to the elastic scattering amplitude for high-energy and low-momentum 
transfer we lave obtained expressions for the shape of diffraction scat- 
tering and for the total cross-sections. The form of those results has 
suggested a definite model for the most important inelastic processes. 
In this model a well-defined group of Feynman graphs, the «most peripher- 
al» ones, gives the deminating effect in high-energy collisions. 


1. — Introduction. 


A great effort, both experimental and theoretical, has recently been devoted 
to the study of strong interactions at high energy. 

The theoretical investigations have followed many different directions. 

First of all, several estimates of cross-sections, multiplicities, ete., have 
been carried out on the basis of the statistical model (1) which is essentially 


(*) Now at CERN - Geneva. 

(3) F.  CERULUS and R. HAGEDORN: CERN Report 59-3. Cf. also Proc. of the 
Intern. Conf. on Theoretical Aspects of Very High-Energy Phenomena (CERN, 1961), 
Section 4. 
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based on the idea that a very complicated interaction takes place in à certain 
volume V and that the probabilities for the different final states are determined 
by the available phase space. 

A different and complementary approach is the peripheral one (?) which 
studies those events in which only one pion is exchanged between the two 
colliding particles. 

A very interesting point of view has recently been developed by CHEW 
and FRAUTSCHI (3): if one considers the elastic scattering amplitudes at high 
energy it is possible to make use of the MANDELSTAM (*) representation which 
gives an unambiguous prescription to locate the singularities of the amplitude. 

In addition to that, it is possible by using unitarity to obtain explicit for- 
mulae for the singularities located near the physical region in the so-called 
«strips ». The «strip approximation » approach tries to evaluate the effect of 
peripheral collisions on elastic scattering. It has the advantage on the Drell- 
Salzman method that, due to the possibility of writing down a complete 
spectral representation, a greater control on the different approximations is 
possible. On the other side, the amount of information on high-energy physics 
which one obtains from the Chew and Frautschi programme is limited to 
diffraction scattering and to the total cross-section. 

In this paper we wish to propose a general model for high-energy processes 
suggested by dispersion theory (*). Let us discuss the a qualitative picture 
of high-energy scattering. The main experimental fetaures are the following: 


I) Total cross-sections tend to reach energy-independent behaviour (con- 
stants) satisfying more or less « Pomeranchuck’s theorems », with magnitude 
of the order of the square of the pion Compton wavelength. 


II) All elastic cross-sections show the characteristic diffraction pattern 
consisting of a peak in the forward direction. The width of such a peak when 
plotted as a function of the momentum transfer is nearly independent of the 
process and of the energy and of the order of magnitude of the pion mass. 
Another general indication is that besides the diffraction peak, elastic scat- 
tering is substantially small. 


(*) S. DRELL: Phys. Rev. Lett., 5, 342 (1960); F. SALZMAN and G. SALZMAN: Phys. 
Rev. Lett, 5, 377 (1960). 

(3) G. F. CHE and 8. C. FraurscHI: Phys. Rev. Lett., 5, 580 (1960); Phys. Rev., 
123, 1478 (1961). 

(4) S. MANDELSTAM: Phys. Rev., 112, 1344 (1958); 115, 1741, 1752 (1959). 

() An independent investigation on high-energy diffraction scattering has been 
recently carried out by C. GOEBEL (see reports of the CERN Conference on Theoretical 
Aspects of High-Energy Phenomena, p. 353) leading to physical conclusions very 
similar to ours. 
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III) At high energies the elastic scattering amplitude is mainly imagi- 
nary. In r.\N scattering this happens already around 1.5 GeV. 


IV) If the energy is not too big it seems that peripheral formulae work 
rather well for total cross-sections (5) as well as for many inelastic processes 
(mainly those for which there is a clear distinction between forward and back- 
ward «cones » in the ¢m.s., processes that, however, are rather dominant). 


These features are not indipendent from each other; in fact it will be shown 
that unitarity gives a simple relation between the size of the total cross- 
section and the width of the elastic diffraction peak. 

The general features I) and II) show that the effective radius of the target 
nucleon from high-energy process is of the order of the pion Compton wave- 
length 1/u. 

We can get the following picture of the high-energy collision. The nucleon 
‘an be visually divided into two parts: a core with a radius of the order 1/3, 
and the external meson cloud. 

About the core we know very little; its structure is very complicated since 
it depends on states with several virtual particles. Very probably it will act 
like a completely absorptive sphere; in any case because of the geometrical 
limitations on cross-section it can only contribute to a small fraction of the 
total cross-section. Besides, its contribution to the elastic scattering cross- 
section is also small because of the smallness of such cross-section outside the 
narrow diffraction peak. 

The outher part of the nucleon, which will be the object of our theoretical 
investigation, plays a very important role in the process (as shown by the 
large size of the total cross-section); it acts as a semi-transparent medium 
whose absorption will decrease with the cloud density (*) and thus with 
the distance from the centre. 

In the following we shall concentrate our attention on the absorptive part 
of elastic scattering amplitudes. They shall be of particular interest because: 


1) The optical theorem relates their value in the forward direction to 
total cross-sections. 


2) Because of III) they shall give the main contribution to elastic scat- 
tering at high energies determining therefore its angular distribution. 


(5) I. M. GRAMENITSKIT, I. M. DrEMIN, V. M. MAKSIMENKO and D. 8. CHERNAUSKIL: 
Zurn. Éksp. Teor. Fiz., 40, 1093 (1961); Sov. Phys. JETP, 18, 771 (1961); I. M. DREMIN 
And D. S. CHerNAuskti: Zurn. Hksp. Teor. Fiz., 40, 1333 (1961); S. DRELL: Rev. 
Mod. Phys., 33, 458 (1961). 

(*) This is confirmed experimentally by the fact that o, is smaller than ou. 
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3) Their angular dependence is mainly due to the absorption of the 
incident wave by inelastic processes and it will depend in an essential manner 
on the way this absorption takes place. 


4) And, last but not least, we have a theoretical tool for its investi- 
gation i.e. the Mandelstam representation. 


In Section 2 a general scheme is introduced to study the absorptive 
part of the scattering amplitude for large energies and small momentum tran- 
sfer. Using the Mandelstam representation in a manner similar to CHEW and 
FRAUTSCHI, a non-linear integral for the amplitude is obtained. 

In Section 3 a method of solution is discussed. The solution is obtained 
in the form of a sequence of terms in which the only external parameters are 
the low-energy scattering cross-sections. In this manner definite expressions 
are obtained both for the total cross-sections and for the form of the 
diffraction peak. 

As already discussed earlier, the form of the diffraction pattern is deter- 
mined by the manner in which the absorption mechanism takes place. In 
this manner our result for diffraction and for the total cross-sections will enable 
us (Section 4) to construct a general model for all inelastic processes. This 
model has a very simple physical interpretation in terms of the Feynman graphs 
implying that all final particles are produced directly either by the two col- 
liding particles or by the pion which is exchanged between the incoming par- 
ticles. The only parameters entering in the model are low-energy parameters, 
like the position and width of the pion-nucleon and pion-pion resonances. 


2. — The integral equation for the absorptive amplitude. 


We shall treat the high-energy elastic scattering in which strongly 
interacting particles are involved. 

We shall disregard in the following the spin and isotopic spin indices of 
the particles in order to manifest in a simpler way the analytic properties of 
the scattering amplitudes. We shall try to make clear however, in a sub- 
sequent note, that spin and isospin shall not change at all our results for what 
regards total cross-sections and elastic scattering near the forward direction. 

We shall denote by X and Y the two colliding particles and define as 
usual 


8 = (dx + Gy)? 
da, o (dx + Px)? 


= (Qe ie) 
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q, p are the initial and final X and Y momenta: 
a S+t+i—=2Mit2M;. 


In the forward direction the imaginary part of the scattering amplitude (5) 
Axy(8, 7) is related to the total cross-section by the optical theorem (3) 


(2) A(s, 0) = 24Wo,(s). 


As a consequence of the optical theorem we want to show that, at high energy, 
A(s,t) must have a strong and narrow peak in the forward direction, whose 
width is roughly inversely proportional to the total cross-section. The total 
elastic cross-section satisfies the obvious inequality 


(3) Oe(8) = 8a = TS 


tmax 


1 (Pdl eee 
S \ 


where t,,,. = — 40°. 


max 


On the other hand, using the optical theorem we can write 
(4) ACS) — 200) OAS) UUSs bis 
where the form factor U(s,t) is normalized to 
(OG, Oi) = ile 


Substituging eq. (4) into eq. (3) we get 


(5) D a ee 
(07)? 
where 
0 
(5) D =} Us, t)|°dt , 
tine 


is the width of the forward diffraction peak. Eq. (5) gives a very strong limi- 
tation on <t). 


(®) Our amplitudes Æ(s,t) correspond to the Feynman ones multiplied by a factor 
\/2M for each external nucleon line. 
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The relation (5) is roughly satisfied with the equality sign. In fact, taking 
as an example the 7.N° scattering in the two GeV regions we have 


and so << 104? which is of the same order of the width of the ditfraction 
peak. This means that the low momentum transfer scattering is so important 
to saturate the unitarity condition, and to leave very little place for the rest. 


Let us discuss now the information one can get on A(s, t) from dispersion 
theory. The Mandelstam representation allows us to write the following fixed 
energy spectral representation: 


La ER th ‘ 
(6) AS TN de + = | dt’ = 


The real functions 0, and 0, are the two-dimensional spectral functions intro- 
duced by MANDELSTAM. The lower limits a, and a, depend on the nature 
of the particles exchanged in the (X, Y) scattering: a, is always of the order 
of 4u?; a, is —4u? for (rx) and (NN) scattering and is M? for (r.N°) scat- 
tering. 

Here we are interested in the features of the forward diffraction peak; 
this will lead us to study the amplitude only for small (< 9u?) positive or ne- 
gative values of t. Because of eq. (1) for energy high enough, the singularities 
in t are very far from the values of ¢ in which we are interested and will have 
a very small influence on the amplitude A. 

We shall therefore only take into account the effect of 0,(s, t). Let us discuss 
now the different contributions to o. Using unitarity in the channel X +X — 
— Y--Y (see Appendix) we can decompose o(s, t) as a sum of contributions 
coming from the different groups of particles which can be exchanged between 
X and Y. The variable ¢ represents the square of the « mass » (4.e., the total 
c.m. energy) of each group of particles. 

Therefore the larger the number of exchanged particles, the more distant 
from the physical region will be the singularities of A(s,t). On the other hand, 
we have already seen that A(s,t) has a very large peak of width — 104° in 
the forward direction and is almost zero everywhere else. This strongly sug- 
gests that the region of singularities for 4u*°<t<16u? (the so-called « strip ») 
gives the dominating contribution to the integral (6). 

In other words, we known experimentally that the contribution from outside 
the strip to (6) must be small. This doesn’t imply however the smallness of 
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“I 
Qt 


o(s, t) for big t: it is well possible (*) that big cancellations due to oscillations 
of o(s,t) as function of # outside the strip are responsible for the small con- 
tribution of such region. 

Therefore the contribution of the two-pion states will be the most im- 
portant since it gives the only contribution to o(s, t) for 4u2<t<16u2 for nr 
and N° and 4u?<t<9u? for NN. 

This result is the dispersive analogue of the geometrical argument which 
had led us to believe that the external part of the nucleon structure gives the 


largest effect to the high-energy cross-sections. Let us now consider in detail 
the two-pion term. In the Appendix it is shown that 0__(s, 7) can be written 
in the form: 
3 gap > a 
(7) Onn(8, t) = xi ds, ds, Ko(St; $182) AXn(81, 9) Aya(S2, 1), 
| where 
i 
Ji (S02 Sis) (hs MOP iy dad \ ie VASTE EN Se 
| and 
| 1 I 
19) Ko(8t; 5189) = 5 i ’ 
8+/ f(s, 8159) Vt[t — ts, 5182) ] 
for t>t and VSs>4Vs rs, 
where 
G(S, 5189) = 
to i y I (s, $82) = [s — (1/8: - \ 52)" }[s— (a pod s2)°] ; 
f(S, 5152) 


Grn(8, $182) = 4 {u?s? + S[ 818) — 2u°(s1 + 83) 14 MP(Sy So)? ty 
(8) JNa(S, $182). = 447s? —- S| $48. — 28,2 5, (M2 2 wu") | (ss)? 


Sh (see M?) + (ue Msg 


and A,_(s,¢) and A,,(s, ¢) are the absorptive parts of the (Xx) and (Yr) scat- 
tering amplitudes (*). The physical meaning of 


eq. (7) is illustrated in Fig. 1. 0__(s, 1) is related SS gr Sti. 


to all inelastic processes in which only one pion n IT 


is exchanged between X and Y. vs, and v/s, o =. 


are the energies of the two groups of particles 


Fig. 1. — Graphs contributing 
produced in such a collision. A,, and A,, are 


LONGER) 

(*) Cf. C. GoEBEL: Reports of the Intern. Conf. on Theoretical Aspects of Very High- 
Energy Phenomena, CERN, p. 353. 

(**) In eq. (8’) for the x.N° case, s, corresponds to rN and 5, to nr. 
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the elastic amplitudes for the two subprocesses contained in the two black 
boxes. The function K(s, t; 8,8) is the Mandelstam spectral function of the 
perturbation graph in Fig. 2, and represents the 
weight with which the different groups of par- 


we he ticles in Fig. 1 contribute to the elastic dif- 
E iT fraction scattering. Eq. (8) and (8') show that 

the spectral function is different from zero only 

i VS: + for t > t)(s; 818); in particular, we must always 


Fig. 2.-The perturbation graph have Vs<Vs, + Ap Be. The boundary curves 
corresponding to Ko(s, #3 818). ¢— { are called the Landau’s curves; it is easy 

to verify that we can have t)< 164? only when 
Vs, +vVs,<s. In other words, all values of s1, s, for which Vs, + Va GAL 
are kinematically possible, but vs, and vs, must both be rather small as 
compared to Vs in order to have contributions from the strip. 

We understand here that the process of diffraction begins at energies for 
which some Landau’s curves have already entered into the strip. It is easy 
to verify that for ~N scattering the forward peak appears near 900 MeV 
which is just the energy for which the first Landau’s curve has entered into 
the strip. This fact shows, for example, that the pion-pion scattering must 


be of some importance near its Landau’s curve (characterized by s= 4u?), 7.e., 
that (xz) scattering must have its importance even at low energies (far before 
the region around s= (2030) w? at which the T=.J=1 resonance is expected 
to appear). 

Eq. (7) is the starting point for our investigation of diffraction scattering. 
It gives a relation between the absorptive part at an energy s and those at 
the lower energies s, and s,. In the next section we shall take advantage 
of the fact that s, and s, must be smaller than s in order to obtain an approxi- 
mate solution of eq. (7). 


3. — Expressions for the absorptive amplitudes. 


In order to solve the self-consistent problem given by eq. (6) and (7), we 
want first to write down an explicit expression for the absorption amplitude 
valid at all energies. 

Of course, at low energy in the resonance region the important contribution 
will not come from the two-pion singularities which become important only 
in the diffraction region. 

We shall therefore write 


t'—t 


JU 


jr Rae Hs tis S35 
Sa ko ACI [| [di di de AS Gs ere 
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where A%y(s, t) is the contribution to the absorptive part of the amplitude coming 
from the (xx) or (xN’) resonances and bound states. Therefore it will be Very 
important at low energy and then drop to zero very rapidly. 

Since for low energy the singularities in # are far, both from the physical 
region and from the strip, one can safely write (7) 


(10) Axx(8, 1) & AZy(s, 0) = 2q VS o%,(s) . 


Let us now consider the meaning of eq. (9) for the different scattering 
processes. In the case of (xz) scattering, eq. (9) is a non-linear equation in- 
volving only the (xz) amplitude. The z.N equation is a linear equation whose 
kernel contains (7x) amplitude. Finally the (.N.N°) amplitude can be obtained 
directly once the (7.N°) amplitude is known. 

This corresponds to the usual classification of the different processes given 
by the Mandelstam representation. 

We see that the only inputs one has to insert in eq. (9) are the values of 
low-energy pion-pion and pion-nucleon cross-sections. 

Let us now solve eq. (9) by iteration: we obtain 


Ko Ss 
(11) Axy(s, t) = Axv(s +5 {| Jar ds, ds, ee AA) 
K, 
A alt { fe ides diy te AEG) A Ga Ge 
where 
dd x 
(2) K.(6,t;955) = =| iE FA (Hol d'à 8184) Klay 075 8983) + 


+ Ko(8s, 8"; 8483) Ko(S4, 1"; S182)}, ete. 


(7) The reasoning leading to eq. (9) and (10) can also be understood in the following 
manner. Consider for sake of definiteness the case of 77 scattering. We can separate 
the 7 matrix into four parts, T=7,+T,+7;+7), where 7,, T,, Tz have the two-pion 
singularities between 4u? and fmx (which may be as usual larger than the inelastic 
singularities at 1642) in the variables s, ¢, t, respectively, and 7, has no low singu- 
larities in any variables. In the spirit of the strip approximation one can disregard 
the effect of T,; T,, T,, T, can be computed once the singularities in the strip are 
known. Taking the imaginary part (in the s channel) of T we get 


ASA SITO 


R 


A, and 4, are the contributions to A given in eq. (6), À, corresponds to A” of eq. (9) 
which has to vanish for s outside the elastic region. 

We see that it is in principle possible in terms of elastic scattering to compute 
the t dependence of A“(s, t) through a Legendre polynomial expansion (whose analytic 
continuation converges in the strip) and therefore to improve on the simple approxi- 


mation (10). 


37 - Il Nuovo Cimento. 
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It can immediately be seen that 
(13) Hs, t; 815 82.8) 40 only. for Vs > > Vs. 
j=1 


This implies that since |s;|>4u? for each finite value of s the iteration 
sequence will only have a finite number of terms, so that eq. (11) will indeed 
represent a solution of eq. (10). 

We have, however, still to verify that the solution (11) is a physically 

acceptable one in which the maximum contribution 
re ti comes from the integration range inside the strip. 
This is clear for the first term since only small 


LS | values of s,, Ss; appear in the sum and the integral 
D CO in t’ is rapidly convergent. 
! On the other hand, it is very difficult to ob- 
di È tain a direct estimate of the higher order terms 
{aa since the different kernels A; are oscillating func- 
y y tions. 
Fig. 3. — The perturba- Therefore in order to be able to study the form 


tion graphs corresponding and the consistency of the expansion (11) we shall 

CORRE TS WB Shi cop SNe transform the different terms of this sum into in- 

tegrals of a positive definite function. 

Let us first of all recall that A,(s, t; s,s.) is the Mandelstam spectral function 
of the perturbation graph of Fig. 2. Now it is shown in Appendix II that 
the functions K,-,(8, t; s,s. ... 8;) are the Mandelstam spectral functions of the 
perturbation graphs of Fig. 3. 

Let us now rewrite eq. (11) in the form 


nn 


il 
(14) A(s, t) = A*(s) #3 | [as ds, Lo(s, t; 8182) À (81) À *(82) = 


n° 


du 


torre 
Shaler [| Jas ds, ds311(8, t; 818283) A*(s,)A*(s.).A” (83) + ... , 


TT “ 


far Ki(s, 1 ; 818 os si) 
D ni | 


The new functions /,,(8, t; 8;) are the absorptive parts in the s channel 
of the elastic amplitudes given by the graphs in Fig. 3. 
Those quantities can be computed directly by using unitarity in the 
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channel s, 2.e., by cutting vertically the graphs of Fig. 3. Thus we can write (3) 


(16) I;-9(8, 8} 8482... 8;) = 2m 4 


1 | Ô(Ri — 81) dh, d(k5 = 82) Lo ... 
(Ux; — [*) (Oxi — 4?) ... 


O(k; — 8;) tk 64( qx a Oy di ki) 
=1 


(Uni — u?)(0x ne) 


Ux1=(Qx— ky)? Vx)= (Px — ky)”, 
(17) i 
Uxr=(Qx — 3 k,}° 0x, = (Px DO, >i k;)?. 
j=1 ÿ=1 


Let us now discuss the properties of the integral (16). The integrand is 
always positive definite and the largest contribution will come from those 
integration regions for which all u,, and v,, are small. We remark here that: 


1) all denominators can be simultaneously small only for ÿV 8, € 8; 


2) the integral J is a rapidly decreasing function of the momentum trans- 


fer ¢; this means that the most important contributions to the spectral integrals 
in eq. (11) do indeed come from the strip. 


Let us now analyse in more detail eq. (14) for scattering in the GeV region. 

To be more specific, let us work at energies for which the resonant behaviour 
of particular partial waves has already desappeared and which are not too high, 
on the other side, so that only the first integral in (14) contributes. In the 
case of tN scattering, this means a pion laboratory energy in the interval 
from 1 GeV to (3-4) GeV. Then, making use of (10), 


1 = se 
(18) Axy(s, t) = =| [as ds,10(8, £3 8152) 2h V/S10%x(81) 242V/ $20ny(S2) 5 


(8) Here we are making use of the important fact that a perturbation Feynman 
graph can always be computed by using unitarity both in the s and in the ¢ channel. 

For the ladder graphs of Fig. 3 the use of unitarity in channel ¢ allows us to 
consider only graphs with only four external lines and therefore to use at each step 
the Mandelstam representation. From the computational point of view, however, 
one has the big disadvantage of the possibility of many energy denominators which 
can have both signs giving rise to oscillations. 

On the other hand, unitarity in the s channel introduces immediately the ampli- 
tudes for the inelastic processes. So its use is at the moment impossible in the frame- 
work of a general theory of strong interaction since we have not yet any general repre- 
sentation (like the Mandelstam one) for inelastic amplitudes. However, if we are 
able, as in our case, to reduce the whole problem to the computation of the well- 
defined perturbation graphs of Fig. 3, then the unitarity in the s channel has an enormous 
advantage since it has to be used only once and gives rise to well convergent integrals 
on a positive definite integrand. 
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where 
il it 1 |¢| 
19 US, 12 S85) = ee 7 r(7) 
on M sr Vi(s, S182) fo(8, $182) fo)? 
where 
(20) Je (1 = n) = — ! = 0c: (x + V1I+ a?) a 
l Vite 


For V/s <V8,+V58,, t will be very near to its lowest value 4u*. Therefore 
we can get approximately 
(21) Axy(8, t) = Axv(s, 0) F Fra : 

This shows that, at least at intermediate energies, the shape of the dif- 
fraction pattern depends weakly both on the process and on the incident 
energy. 

This is very reasonable from the physical point of view and in good agree- 
ment with experiment. 

In Fig. 4a) and 4b) a comparison with z.V experimental data at 1.8 (5) and 
5 GeV (°) is reported. At 5 GeV the theoretical curve is less peaked than the 

experimental one; the dotted 
LAN EE curve represents the result of an 
de estimate of the higher order terms. 
151 m+pem+p Eq. (18) give us also a definite 
1.71.6ev expression for A(s, 0) and there- 
fore for total cross-sections at in- 
termediate energies. Inserting (19) 
à in (18) for t=0 we obtain 
1 


2 qs 


(22) oxy(s) = 


n; 


inv tn Et 
Fe V'É(85 Sa 5 Sa) tolS 3 S15 83) 


Eq. (22) corresponds to what one 
would obtain by integrating over 


| 


| "AR « "i = 
1 0.9 08 07 sg” energies and angles the peripheral 


O. 35. 7 05 14 175 21 245-2 formula of Salzman and Sal 


2 


Fig. 4a. — r.N scattering angular distribution Man (*). We see therefore that 
taken from ref. () compared with the theore- this theoretic approach justifies 
tical diffraction curve [eq. (21) of Section 3]. the peripheral model for interme- 


(©) R. C. WuiTTEN and M. M. BLocK: Phys. Rev., 111, 1676 (1958). 
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diate energies, but it allows also to understand that it breaks down for very 
high energies as some cosmic ray experimental analysis already indicates (5). 

In fact, when s is too big other integrals beside the first shall count in (14) 
so no simple formula as (22) can be obtained. Or, in other words, for too high 
energies, s, and s, can be at 


their turn sufficiently big so Ì 

that it would be a very bad de 

approximation to neglect the mb/sr\\ 

t'-dependence of A_,(s,t') and Ua pet Ey 
Any(s36') in (9) by using for 5.03 GeV 
them the approximation (10), al 


with which (9) would give 
us back (22). We see that 
this procedure would grossly 
overestimate A,,(s,t’) and 
A,.(st) meaning therefore 15 
that (22)—or the simple 
peripheral model — would 
give too big cross-sections 
at very high energies. 


Fig. 4b. — r.N° scattering an- 
gular distribution taken from 
ref. (1°) compared with the theo- 97 
retical diffraction curve [eq.(21) 
of Section 3] and with the im- 
proved theory (broken curve). 
The theoretical curves are nor- 


] | > 
: +: : 0.96 0.94 0.92 cos@ 
malized to the first point. E i ne 


& 
OI 
OL 
œ 


4. — A model for high-energy interaction. 


In the preceding section we have obtained expressions for the absorptive 
part of the scattering amplitude. This is all that one can obtain directly on 
the basis of a dispersion theory of elastic scattering. We want now to show 
that the form of our result strongly suggests a definite model about the in- 
elastic processes responsible for the absorption process. Let us write explicitly 
the expression for the total cross-section given by eq. (14) and (16): 


(23) o(s) = > d;(3)5 


(19) R. G. THomas jr.: Phys. Rev., 120, 1015 (1960). 
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where 


LAN 
(24) 0;(8) = 2qVS =| [fas Css se ds;- 


 Qayv/ 810" (81) 2q:V/820 7 (82) … 29/810 (8;)I;-2(85 85), 


(25) 1;-3(8;8,) = 2 (2x)? STE fr (dx, De; ki, 84)” 


+ d(k — 81) di, (KS — 82) d*kg ... O(kî — 8,) dk, 01 qx + qx — > ki We 


1 


(26) F(Qx, dx; ki, 8) = Cr}? 


A 


Tad) — PL (Gx — i — Ra)? — pet]? [x — a i) — e? 


It is very reasonable to consider the different terms o; in the sum (23) as different 
partial cross-sections corresponding to the production of 7 groups of particles. 
The important contributions to 


the integral (24) come from the 
x si 5 
: Ç 7 LI LI © 
S; energies of the different groups of 
i particles corresponding to a large 
is, scattering cross-section. In other 


Fig. 5.— Diagrammatic representation of the words the dominating effect will be 
production process in: a) x interaction; the 


masses $1, ..., 8; Will be of the order of 307? ; 
li . (x) isobars. Let us now examine 
corresponding to the mz resonance in the 


the production of several (xz) or 


J=T=1 state or —4u?, if there is a strong the form for o; given byeq. (24), (25) 
s-wave interaction at threshold. b) mW in- and (28). 
teraction; the mass s; connected with the 
nucleon will likely be or the nucleon mass Sar, 
squared or of the order of W? correspond- F(4x4y; k:) as the angular distribu- 
ing to the (3,3) resonance. The other tion of the different isobars in the 
masses will be similar to those of the nr 
case. c) NN interaction; the two masses s 
and s; connected with the nucleon will Ba We are therefore led to the model 


am or Wh, the others like the xx case. illustrated in Fig. 5. 


Also in this case one can 
reasonably interpret the integrand 


high-energy collisions (11). 


(4!) An important feature of the model is that all integrations on s, are limited 
to the resonance region. This automatically ensures [see eq. (25)] that the important 
contribution comes from small values of the different pion momentum transfers f;. 
This is not equivalent to the procedure of cutting off the integrations to small values. 


Using that procedure and choosing a sufficiently high value of the initial energy, one 
would still have integrations on large values of s;. 
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1) The incoming particles exchange a single pion. 


2) The produced particles are emitted either by the initial particles or 
by the intermediate pion. In other words the emission must take place either 
from one of the two vertices or by the meson propagator. 


3) In each single act of emission either one particle or a group of low- 
energy particles will be produced. 


4) The differential cross-section for production is given by 


1 


(27 Se e A 
RME Vers 


F(qxqv; ky, 8:)2q:V/810"(8,)Ô(K? — 8,) dik, ...° 
‘24:V8:0°(8;) Ò(KÈ — 83) d'k,d'(qx a hse De ki) i 


Of course, eqs. (25) and (26) could have been derived more directly by sum- 
ming the series of Feynman graphs shown in Fig. 5 (1). However, it would 
have been difficult in that case to have any estimate of the order of magni- 
tude of the neglected graphs and of the error introduced in the different 
‘extrapolation in the mass variable. 

The dispersion analysis gives very strong arguments implying that the 
graphs selected in Fig. 5 are the dominating effect in high-energy collisions. 

We want to discuss now some qualitative features of the model. Let us 
consider a fixed incident energy. For each pair of pions one wants to produce, 
one has to add one extra propagator 1/(t — u?)?. The average multiplicity 
will be therefore determined by the competition of the graphs with different 
number of denominators. For a small number of mesons produced it will 
be possible kinematically to make all denominators of the order of a few w?. 
For a larger number if will no longer be possible to have all small denomi- 
nators; those terms will become therefore less and less important. We have 
thus to expect an average multiplicity much lower than that predicted by the 
statistical model. 

About the angular distributions in a particular production process, the 
most probable configurations will be those corresponding to the lowest value 
for the product of all denominators. This happens first of all when all trans- 
verse momenta are very small. In the c.m. system we have to expect 
jets of particles collimated in the forward and in the backward direction. An 
approximate calculation shows that the different groups of particles in the 
two beams will have different energies decreasing rapidly from the maximum 
available energy to zero. 


(2) Multijet graphs of the kind shown in Fig. 5 have been first considered by 
V. B. BeRESTETSKy and YA. PomERANCHUK: Nucl. Phys., 22, 629 (1961). 
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The first very qualitative indications of such a model for multiplicities, 
nature of secondary particles and spectra of them, seem to point in a good 
direction. So, it is perhaps reasonable to expect that from such a description 
of inelastic processes it would be possible to understand some characteristie 
features pointed out by high energy accelerators and cosmic rays; for instance, 
the large amount of pions among the secondaries, as compared to K-mesons 
and baryons, their multiplicity as function of the incident primary energy, 
the small and rather constant mean transverse momentum, as well as the 
spectra of secondary pions showing a reasonable high energy tail. 


5. — Conclusions. 


Let us review briefly the different points which have been raised in this 
paper. 

The empirical basis for the model proposed here comes from the fact that 
the high-energy total cross-section has a constant and rather large value. This 
implies that the collisions with large impact parameters give the most im- 
portant effect. This fact is expressed in a more precise form by showing 
(see eq. (4)) that a large cross-section implies a very narrow peak in A(s,t) 
and therefore the two-pion singularities give the dominating effect. 

An evaluation of the two-pion exchange effect to elastic scattering ampli- 
tudes in terms of the low-energy (rx) and (7.N°) cross-sections has allowed us 
to obtain definite expressions for the total cross-sections and for the absorptive 
part of the scattering amplitude. 

This last give us a definite prediction for the shape of the diffraction peak. 
Its form at intermediate energies is given by the square of F given in eq. (21), 
independently of the process and the energy, and fit very well present experi- 
mental data. 

On the other hand our results for the total cross-section reproduce the peri- 
pheral one for intermediate energies and show that as the energy increases too 
much the simple peripheral model breaks down and must be supplemented by 
the « superperipheral » processes of Fig. 5. These results for the total cross- 
sections suggest that this « superperipheral » model can be suitable to calculate 
all high energy processes (inelastic collisions). 

Work is now in progress to evaluate numerically the consequences of the 
model, but it seems already that the qualitative features give reasonable pre- 
dictions for extremely high energy processes. 

A detailed comparison between theory and experiment will be most 
interesting. 

One point whieh might look somewhat surprising is the fact that the model 
contains only low-energy parameters. Thus, by looking at the general features 
of high-energy collisions, one does not learn anything essentially new as com- 
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Qt 
(0 0) 
Qt 


pared to low-energy physics. The following example might be useful to clarify 
the situation. Consider the elastic scattering of high-energy electrons by 
protons and suppose one asks very general questions such as: in what direc- 
tion is the majority of the electrons scattered and with what cross-section? 
The answer is that the cross-section is dominated by a Rutherford denominator 
and that the great majority of the electrons are scattered around the forward 
direction with a cross-section which depends only on the renormalized charge 
which is certainly a low-energy parameter (of course much better known that: 
low-energy (7x) interaction!). If one wants to get new and interesting informa- 
tion about the nucleon form factors one has to lose a large factor in intensity 
and to look for the rare events which take place at large angles. In the 
same manner if one wants to test the internal part of the nucleon by means of 
strong interactions one has to look for those collisions with large momentum 
transfer which lie outside the range of our model. But also in this case one 
has probably to lose an appreciable factor in intensity. 

One other important point is that, as pointed out by CHEW and FRAUTSCHI, 
our understanding of high-energy phenomena might improve the status of our 
theories of low-energy scattering. One can get important information about 
low-energy scattering by means of the customary dispersion relations at fixed 
momentum transfer. Our model allows to obtain the imaginary part of the 
scattering amplitudes at high energy and one will not be obliged, as in the 
past, to cut the dispersion integrals above the (3,3) resonance energy. This 
will probably lead to a reduction of the number of independent parameters one 
had to introduce in order to explain the main features of low-energy scattering. 


** ok * 
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APPENDIX 


Let us consider the absorptive part of the scattering amplitude in the 
Channel X-+ X= Y--Y. 

Using the unitarity condition and taking as intermediate states the two 
pions only we have 


1 
UE 


ddl \ dl 


SEA 


ll 


si fara — qx)°, (]Fyalq + dy), t]0(q? — u?)- 
WTA 
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Using the fixed momentum transfer dispersion relation we have 


AI Lil ile 
{A.2) Peels, ) =] SO ay + = [Éd ar, 


sig T t'—t 


and substituting in eq. (A.1) we shall obtain four terms. We are only inter- 
ested in the singularity of the absorptive part in the s variable as explained 
in the text, 7.¢., 


1 f Onnl8’,t 
(A.3) A,z(s, = [ES eur 


TT SES 


and we can drop the crossed terms which gives singularity in f. 

The two remaining terms give contribution to 0..(s,t). In our case in which 
we neglect isotopic dependence, the two intermediate pions are identical and 
also the two terms give identical contribution. Therefore we shall insert in 
eq. (A.1) only the first term of eq. (A.2). The factor 2 is compensated by the 
normalization of the two identical particle phase spaces. We obtain 


ih 
(A.4) Ay=(8, t) = =| [as ds, AXn(81, t) Avn(S2, t) LE(S, t3 S182) , 
where 
LP als 
(A.5) ESE A 2 ar ds 
and 
A Lae À 
(A.6) K(s,t; 848) = 5 fara 4) Ol Oe abs — 9)" uk 


‘dls1 — (4 — dx)*]O[s2 — (4 + qx)°]. 
From eq. (A.3), (A.4) and (A.5) we get 


a Leen + 
(A.7) Orn(s, t) = aa [fas ds, Axx (813 t) Ayn (89, 0) (8, 8; 8482) « 


We note that Æ is the Mandelstam spectral function of the 4-th order graph 
This can be seen by direct inspection of eq. (A.6) or simply by using the 
general formula (A.7) and substituting for À (s, t) =a6(s — 8) which is the 
2-nd order absorptive part. 

This iteration procedure to construct the spectral function of the 4-th order 
graph using the unitarity condition and the analiticity properties (which was 
first worked out by Mandelstam) can be used in order to obtain the spectral 
functions of higher-order graphs. For the 6-th order diagram in which we are 


interested, substituting in eq. (A.7) the absorptive part of the amplitude up 
to the 4-th order. 


A(s, t) = A(s, t) + A,(s, t) = TÒ(S 8) - ae di 
TT | — 1 
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and collecting the crossed terms A}A,+A%A, we get 


a ds, dt’ A x 
06(8, t) = af {Gs {Ko(8, 1; 8184) Ko(8'; 815283) + Ko(s, t; 5 83) Ko(8'; S182)} - 


In this manner we have verified the K, in the text is the 6-th order spectral 
function. In a similar way it is possible to prove that the X, are the Man- 
delstam spectral functions of the (2n+4)-th order graphs. 


RIASSUNTO 


Le caratteristiche essenziali delle interazioni forti di alta energia vengono discusse 
teoricamente. Applicando la teoria dispersiva agli elementi di matrice dell’urto per 
energie elevate e piccoli momenti trasferiti, otteniamo espressioni esplicite per la forma 
del picco di diffrazione e per le sezioni d’urto totali. Questi risultati suggeriscono for- 
temente un modello per i fenomeni anelastici. In questo modello gli effetti dominanti 
alle alte energie vengono dati da un ben definito gruppo di diagrammi di Feynman 
in termini di sezioni d’urto di basse energie. 


4237 


IL NUOVO CIMENTO VOL exe Lian Nemo 1° Novembre 1961 


Quasi-Elastic Nucleon-Nucleus Scattering at High Energy (°). 


R. KARPLUS (*) and Y. YAMAGUCHI (™) 
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(ricevuto il 21 Agosto 1961) 


Summary. — The angular distribution for elastic nucleon-nucleon scat- 
tering at high energy is sharply peaked in the forward direction. As a 
consequence, there is an angular interval in nucleon-nucleus scattering 
to which successive small-angle elastic nucleon-bound nucleon scatterings 
are more likely to contribute than a single nucleon-bound nucleon scat- 
tering through the angle of observation. Such « plural» collisions result 
in outgoing nucleons which have suffered a smaller energy loss than 
nucleons that are scattered from hydrogen at the same angle. The Fermi 
motion of the bound nucleons produces a broadening in the energy distri- 
bution of the scattered nucleons, but displaces the centre of the distri- 
bution only negligibly. The results of calculations with a simple model 
are in satisfactory agreement with the observations on proton-carbon 
scattering. 


1. — Introduction. 


In the scattering of a nucleon by a nucleus, above an incident energy of 
about 300 MeV, an easily identifiable group of the scattered nucleons satisfies 
the kinematic requirements of nucleon-nucleon collisions. The expression 
« quasi-elastic scattering » is used to describe this process, which is attributed 
to the elastic scattering of the incident particles by single nucleons within 


(*) This work was supported in part under contract no. AF 49(638)-327 adminis- 
tered by the Office of Scientific Research of the Air Research and Development Command. 

(*) Permanent address: University of California, Berkeley. 

(”) On leave of absence from Osaka City University, Osaka. 
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the target nucleus (1); the energy transfer to the struck nucleon, of course, is 
somewhat larger than the energy transfer to the carbon nucleus in genuine 
elastic scattering from the latter, but it is not as large as it is in processes 
involving meson production (?). 

Experimental work with very high-energy ((15--26) GeV) incident protons 
being scattered at small angles by carbon, tantalum, and beryllium has re- 
vealed à structure near the upper limit of the energy spectrum of the scattered 
protons that appeared to confirm the usefulness of the model in which a single 
bound nucleon acts as the target (*). More precise measurements of the se- 
condary energy, however, showed that the group of most energetic scattered 
protons had suffered an average energy loss only two-thirds that calculated 
for elastic scattering from single target nucleons (*). Accordingly, it appeared 
likely that the effective target consisted of more than one nucleon. Because 
the effective target acquires a large momentum near 1 GeV/e, it seemed 
implausible to postulate that it consists of a bound fragment such as a 
deuteron; instead, we investigated the possibility that the scattering took 
place successively on two uncorrelated nucleons in the nucleus. It is our pur- 
pose to show that the observations can be accounted for in this way. As a 
matter of fact, such plural interaction had been considered as a possible mecha- 
nism for producing many mesons in high-energy nuclear stars (), but they 
have never been studied in connection with quasi-elastic scattering in the 
absence of particle production. 

At first thought it seems implausible that the probability for two elastic 
collisions should compete favorably with the probability for one collision in 
a small, strongly absorbing object such as a carbon nucleus (or a deuteon (°)). 


(1) The term « quasi-elastic » has been introduced by J. B. CLapis, W. N. Hess 
and B. J. Moyer: Phys. Rev., 87, 425 (1952). For earlier theoretical work devoted 
to the development of the concept see R. SERBER: Phys. Rev., 72, 1114 (1947). 

(2) B. T. FeLp and C. Iso: Nuovo Cimento, 21, 59 (1961). These authors, and those 
in ref. (3), have extended the meaning of the term « quasi-elastic » to include meson- 
production phenomena. We consider this an unfortunate change and shall adhere 
to the more conventional and appropriate definition given in the text. 

(3) G. Cocconi, A. N. Dippens, E. LILLETHUN and A. W. WETHERELL: Phys. 
Rev. Lett., 6, 231 (1961). 

(4) G. Cocconi et al.: Proc. of International Conference on Theoretical Aspects o 
Very High Energy Phenomena, CERN 61-22 (1961) and private communication of 
very preliminary data. | 

6) W. HeirLER and L. JANossy: Proc. Phys. Soc. (London), A 62, 669 (1949); 
Helv. Phys. Acta, 23, 417 (1950). 

(6) R. J. GLauBER: Phys. Rev., 100, 242 (1955) has discussed the non-additivity 
of the elementary cross-section in the deuteron because of the shadowing of one 
nucleon by the other. This correction to the total cross-section (i.e. forward scattering 
amplitude) is just a double-scattering effect, but one in which the waves singly and 
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While the total probabilities unquestionably favor the single collision, the 
comparison becomes more difficult when we focus our attention on a fixed 
scattering angle, for then one must have information about the angular distri- 
bution in single scattering. In particular, if the angular distribution is sharply 
peaked in the forward direction, the relative probabilities may be inverted: 
one scattering at a substantial angle may be less probable than two succes- 
sive scatterings, each at an angle only one-half as great. 

In this article, we shall calculate the importance of the plural scattering 
for a simple model of the nucleus and the elementary cross-sections. The 
nucleus of mass number A is treated as a spherical region of radius (h=€=1) 


(1) R(A) = roA?, (ro ~1.17f) 


filled with uncorrelated nucleons with a momentum distribution 


— 
bo 
_ 


(D bi 2 
P(p) = ea exp - A s (M=nucleon mass, €e/M — 1/70). 


The elementary nucleon-nucleon cross-section [do(p, 0)/dL],, at incident mo- 
mentum p and scattering angle 0 (in the «lab. system», where the target 
nucleon is at rest) we take as 


1 do(p, 0) for 
3 RIE, as CSR X Er 292 È 
ie Ee dQ haw (>) Pat NS 
(4) di == 40 mp “ae Ti. Noa /l6ree 10 mb 


independent of spin and charge. There is very little experimental information 
about these quantities except o,,,. It seems reasonable in the light of present 
theoretical views to assume that the angular variation eq. (3) depends on the 
square of the invariant momentum transfer 


(5) t= p°0? 


at small angles; then à combination of measurements at different energies 
yields the form we have chosen for t< M? (4). For larger ¢ the cross-section 
drops less steeply. The integrated value obtained for the elastic cross-section 
also is reasonable in the light of data at lower energies. We neglect the effect. 
doubly scattered in the forward direction interfere destructively (hence the word 
« shadow ») and give a reduction in the cross-section. For scattering at a finite angle 
with a momentum loss, the plurally scattered waves are incoherent with one-another, 
so that the cross-sections rather than the wave amplitudes must be added. 
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of nuclear binding on the cross-sections except to the extent to which the 
Pauli principle (and coherent effects) reduce the quasi-elastic scattering at 
very small angles and give 6,7 mb for the quasi-elastic cross-section and 
37 mb for the « total » cross-section. 

The calculation now proceeds in three steps. First, we evaluate the cross- 
section o,(A) for a high-energy nucleon to undergo n elastic collisions within 
a nucleus of mass number A. Second, we calculate the angular distribution 
for the outgoing nucleon in the hypothetical case in which the bound nucleons 
are stationary. Third, we take into account the motion of the bound nucleons 
and evaluate the energy spectrum of the nucleons scattered at the angle of 
observation. The effects of the exclusion principle are estimated before, in 
conclusion, we apply the results to the scattering from nuclei of mass num- 
bers 12 and 189 to obtain a possible comparison with experiment. 


2. — The plural scattering cross-section. 


For the purposes of this section, we shall treat the nucleus as an absorbing 
medium rather as a collection of discrete scatterers. The complications that 
the latter more consistent description would entail are not justified. As a matter 
of fact, the high-energy cross-section of nucleons is such that the nucleon may 
be thought of as a gray region with radius 1.2 fermi The nucleus is, there- 
fore, filled about uniformly with this nuclear medium (°). 

In terms of the mean-free-paths 4, and 4, for elastic and total scattering 
in the nuclear medium, the probability P (2) that a nucleon suffers n elastic 


n 


collisions after traversing a thickness of material 2 is 


(6) P,(2) == Fal exp [—2]Ai] . 


Since the particle wave-length is small and the deflection and momentum loss 
in a single scattering are negligible, we calculate the cross-section o,(A) for 
n elastic collisions in a sphere of radius R(A) by using geometrical optics and 
straight rays in the sphere, 


R ORI 
= AA 
oi) andre V5 = — (3) | xt! exp[—x]de= 
È pri . e s 
Ce 12 Tae te ‘ 
= = (n +1)A; E | Coran + 2)/T(n +2)] . 
2 9 tot 


(7) Of course, one must not make the mistake of using our procedure to calculate 
plural scattering from protons. 
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The quantity in brackets is obtainable from tables of the incomplete /-fune- 
tion (8), where it is denoted by the symbol Z(2R/1,, n+1). When numerical 
values are inserted into eq. (7), we obtain 


\n 5) 
(8) On (A) = 54 (ce) (n 4 Dr n+ i) mb . 
Otot At 


3. — The differential cross-section. 


For single quasi-elastic scattering, we write the relative differential cross- 
section 7,(p, 0) at the incident momentum p and angle 6 


(9) r(p, 9) = — + Lu = di È 


3 = exp Losses } 
Gen: KO) do IT Cabine 


where we neglect the effects of the exclusion principle and coherence that be- 
come important at momentum transfers p0 < p,= 250 MeV/c. The angular 
distribution of double scattering is then given by the integral 


1 
(10) r:(p, 0) = Da [n 0)r,(p, 0) d così d così, - 


v 


‘dp, dy 6(cos 6 — cos 6, cos 0, — sin 6; sin 0, cos (~, — q2)) , 


since the energy loss in each collision is so small that the decrease in incident 
momentum may be neglected. After the azimuthal integrations are carried 
out, it is helpful to approximate the trigonometric functions by their small- 
angle expansions to second order and to extend the range of integration to 
infinity. The angular distribution function now becomes 


(1) r(p,0) = (2) | a) | 400) (A ext api + 02): 


IT 


N 1 xi 7 A 2 . 
The main contribution comes from the smallest values of 6?+-02~462 permitted 


by the step function O. An exact evaluation of the integral is possible because 
of the form we have chosen for the angular dependence. All the integrals can 


(*) K. PEARSON: Tables of the Incomplete T-Function (London, 1922). 
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be found with the help of the integral formula 


È È x da NO (AT (ex — 2)? È 
(12) | de, | du, (1 +2] A LyX, — (Y-%, — T2) )| __ TM, | i 
o J a, a) | vy Ads — (y — x, — xy)? fay + ay, 
( 0 ul(ai+a3) 


By the use of this formula we obtain from eq. (11) the result 


2 2 


(13) PDs de is | ie exp [— ap?0?/2]. 


9 
Tae 


The obvious iteration of this expression according to eq. (10) leads to the 
further values 


9 


(14) ARE i “P_exp [— ap?6?/n] . 
not 


for n fold scattering. We must remember, however, that the effects of the 
exclusion principle become more severe, since the higher order scattering de- 
pends on contributions from smaller and smaller angles. Hence n should not 
exceed ~ p6/p,.- 

The differential cross-section for plural scattering is 


do,(A) 
= 6, (407 5 
dQ O n( h n( Ps 0) 
By comparing eqs. (9) and (13), we see that double scattering becomes com- 
parable to single scattering when 


ee ; 
(16) > (æ) exp [ap?62/2]~ 1 or p0— 0.8M, 
oO 


tot 


a value of momentum transfer within the range of the recent experiments. 
We see that the quasi-elastic cross-section c,, cancels in eq. (15); obviously, 
when the exclusion principle can be ignored, the free elastic cross-section de- 
termines the relative contributions. Further numerical conclusions are post- 
poned until the final section of the paper. 


4. — The energy spectrum - single scattering. 


The spectrum of quasi-elastically scattered nucleons is not mono-energetic 
because of the motion of the bound nucleons. This effect gives to the secon- 


38 - Il Nuovo Cimento. 
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dary nucleons at the angle 0 a momentum distribution of à width 


po 


Tr Pr: 


M 


as we shall show below. The centre of this spectrum is displaced by a negli- 

2 ! = pee, 5 < 
gible amount from the secondary momentum p, resulting in free nucleon- 
nucleon collisions at small angles 


È n 202 
(17) peuple. 


21 


The plural scattering we have described also affects the spectrum of the 
nucleons scattered at an angle 0, because the momentum loss Ap(#) depends 
on the scattering angle in each of the quasi-elastic processes that took place. 
By using eq. (17) several times, we obtain 


p? Le p° 62 
a APO) = san Zan 


according to the properties of the plural scattering noted after eq. (11). As | 
expected the momentum loss for plural scattering is smaller than for single 
quasi-elastic scattering, and corresponds approximately to that evaluated for 
scattering from a more massive target with mass ~ nM. 

It is now our task to combine the two effects we have described. First, 
we obtain the energy spectrum of single quasi-elastic scattering. Accordingly, 
we consider the scattering of two nucleons with energy-momentum vectors 
(pi, H,) and (p», E,) into a final state with (pi; E;) and (p.; Ei). We use the 
invariant form for the differential scattering rate (*) 


: dp, d'p, 
E E 


! 


(19) B,(s) do = | I(s, t) O( Pp, pa es 2 — p2)Ô(E, a E,— E, — Es), 


where s is the mass invariant of the two-particle system 


(20) s = (#,+ E)? (Pack Pa)? < 


t is the invariant momentum transfer squared, 


lf 


(*) €. MoLLER: Kgl. Dan. Vid. Selskab., 22, no. 19 (1946). 
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B;(s) is the invariant flux, 
(22) Bis) = 4 V s(s —4M?), 


and /(s,t) is the invariant matrix element of the interaction. The assumed 
form eq. (3) implies that 


I 
2 — a s(s — 4M?)x0o, exp [— at], 


(23) \I(s, 1) 


at high energy and small angles. For the nucleus, the target momenta must 
be averaged over the distribution P(p,) given in eq. (2). We then obtain the 
differential cross-section for quasi-elastic scattering 


dea 1 p; [ dp, . Re 
24 eee e pe eee 
ania an TE, A i alii 


which neglects the effects of the exclusion principle. The momentum P. is 
to be expressed by means of the other three momenta, p,= p:+p.— pi In 
carrying out the evaluation of eq. (24), it is wise to make approximations based 
on the high-incident energy, the small scattering angles, and the non-relati- 
vistie nature of the target nucleons where possible. The errors are charac- 
teristically of the order of M/#,, or smaller. Thus we have (1°) 


| Een, s22Mp,, t~ pio, 
Baz 
| DI 1 9 2 2097 
| \L(st) P= EM ?piuc exp [— xp:02|, 
IT 
| |p,—pil = pi? + (pi— pi). 
It is useful to define the momentum loss 


(26) Ap = pi DI = p.,0°/2M : 


(0) In making these approximations, we neglect a small Doppler shift in the 
momentum-loss spectrum. This small effect comes from the dependence of |/(s, 1)? 
on the momentum-loss and is of the order of &. 
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We now proceed to carry out the average over the Fermi momentum. The 
energy conserving )-function, of course, selects certain values of p, that make 
possible a particular outgoing momentum p,. If we introduce a co-ordinate 
system with the z-axis along Pi—p,, then we find p,, is fixed, 


— 1p502 + MAp 
(27) Pt : 
V pio? + (Ap)? 


but the other two components of p, are arbitrary. The integral over p,, is 


Lois 2 
(28) — | dp,,0(H, + Es — FE —E,) = A(B)2/0p,. — 
+ Il 1 
Pi—Pil Vp? + (Ap)? Pid 
We shall make an approximation in eq. (27) and (28) by neglecting (Ap)? com 
pared to (p;0)?, 


1 M Ap 
97! AS aie E 
0 Paz o pid 


This depends on the fact that Ap/p,6~ p,0/2M <4 in the range of interest. 
Eq. (27') gives a much more manageable result than eq. (27). The remaining 
integrations can be carried out with no difficulty to yield a shape function 
G(Ap, p0) 


M ( 


(29) G(Ap, p10) = |P.) RE = — } »,0 + MA? 70 Dox dps, 2 
D0, 


M ©O(Ap) 
pO V2neM 


M (È pi02\? 
2ep20? ey A + | i 


/ 


The differential cross-section for quasi-elastic scattering with momentum 
loss Ap is, therefore, 


Care apo, - 3 
SÙ G(Ap, p,9) exp [— api0?]. 


(30) eae 
dApdQ, Te | 


As expected, the most likely momentum loss is p:0°/2M, the value for scat- 
tering on free nucleons. The half width of the secondary momentum distri- 
bution is (p,0/M) v2eM. 
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5. — The energy spectrum - plural scattering. 


We repeat now the discussion of Section 2 with the differential cross-section 
eq. (30) rather than with the free cross-section eq. (3) for the elementary pro- 
cess. We again introduce a relative cross-section 


1 do 


È r (/ 0) = — 
(31) r,(Ap, Pl) Pi ApdQ , 


which is iterated according to the relation 


ber Appio) 3 


LI 


| r(Ap,, 0pi)ra, (Ap — Ap,, pd»): 
-d cos 0, d cos 0, dg, dg, d(Ap,) 0(cos 6 — cos 6, cos 0, — sin 0, sin 0, cos (qi — Ya)), 


analogous to eq. (10). We extend the range of the Ap integration over the 
entire real axis. Then we can use the simple property of Gaussian distribu- 
tions that 

(33) | d(Ap,)G(Ap,, p0,)G(Ap — Ap,, p0:) = G(Ap, pV 6? + 62) . 


—o 


With the use of the formula (12), the double scattering relative cross-section 7, 
can now be written as a single integral over the variable u = «p?(0'+03), 


CD Oa a rp “ 
(34a) r.(Ap, p,9)= a | du exp [— «|G (Ap, | “| ! 
xp°0?/2 
pilo, api Fe des na PP ee: 
(34) = (=) exp [— 2p°0/21] du exp[—w'|G@|{ Ap, | — + |: 
DT \ One, J 1 xX D 


0 


The integral in eq. (34b) is shown in Fig. 1 as function of Ap for some values 
of momentum transfer p0. It is seen that the most likely momentum loss is 
about two-thirds of the value of the momentum loss in nucleon-nucleon scat- 
tering. By iteration one can again obtain the formula for n fold scattering, 


œ 


sa xp? O, \n il RE 3 ( U ; apo? n—2 
Bye (AD, pO) == ee (ES) ce ME exp|[—u|G (Ap, | =) Lu Fe, | ; 
ap20?/n 
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but again it is not very meaningful for large n because the neglected exclusion 
principle severely affects the cross-section at the small momentum transfers 


5r 
p0=.75GeV/c 


pa 
T 


E GeV/c 


We GeV/c 


Normalized momentum loss spectrum (GeW/c)7! 


ole 1 fate: 1 IE 
0.7 0.6 0.5 0.4 0.3 0.2 0.1 0 
Ap GeV/c 


re Te The momentum-loss spectrum normalized) in double scattering. The exclusion 
5 
principle has not been taken into account. 


and momentum losses that contribute heavily. After integration over Ap, 
eq. (35) reduces to eq. (14). 


6. — The exclusion principle. 


We have referred already several times to the fact that the exclusion 
principle reduces the cross-section for quasi-elastic scattering at extremely 
small angles. In this section we shall attempt to reach an estimate of the 
effect without, however, pretending to make a complete, consistent theory of 
the « one-particle states » in a nucleus. 

First, we may ask for the reduction in the elastic cross-section and the 
plural scattering angular distribution. To this end we make a Gaussian ap- 
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proximation to the average fraction f of states not available to a nucleon in 
a degenerate Fermi distribution (rather than the distribution (2)) when this 
nucleon receives an impulse, p0, 


ia po Jiu =) 


2Pr 


(36) fe (1 


The quasi-elastic differential cross-section then becomes 


(37) ri = =P (2) exp [— xp°0?] (i — exp 
TT Tae 


at), 


whose integral determines o 


qe? 


DI 


(38) Gp SH =O, & 1 MNO 


=| 


as Stated earlier. We see also that scattering at angles such that p0 > 2p, 
is only slightly reduced. The Gaussian form of the correction makes it pos- 
sible to calculate the modified r,(p, 0) by repeated use of eq. (12). Thus 
we have 


(39) r:(p, 0) = 2 (=) exp 


1 E 5 
on a 5 71 . (1 — 0.89 exp [—-0.278xp?0?] + 


+ 0.28 exp[—-1.25xp?07]), 


[ p° e 3 1 ~ a . Pa 
NACRE Hee (È | exp (- = xp*0)-(1 — 1.125 exp [— 0.104xp?0?] + 
O76 Ng: 3 


/ 


+ 0.468 exp [— 0.303 ap?0?] — 0.082 exp [— 0.833 ap?6?]), ete. . 


We see here the transition from the larger angle plural scattering described 
by eq. (15), which is determined by the free elastic cross-section, to the plural 
scattering at smaller angles, whose magnitude is essentially determined by 
the quasi-elastic cross-section. Thus we have 


nali 4 À n 0 
(41) oa Pei : for n=? : 
Pr 


while the exclusion effects are small for n < p0/2p,. Because of the crude- 
ness of our one-parameter model, one must not push the use of eq. (39) and (40) 
to very small angles. It seems reasonable to go as far as is done in eq. (41). 

More difficult to determine is the modification in the momentum spectrum. 
We may proceed as above with a degenerate Fermi distribution and calcu- 
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late a modified spectral funetion from eq. (29) with a correction factor for the 
occupied states. Rather than trying to find a usable analytic form for this 
function, we shall take advantage of the fact that the width of the secondary 
spectrum becomes very small for small momentum transfer. The changes in 
the shape of this narrow spectrum are relatively less important than the re- 
duction in its amplitude, a reduction that can be represented by the factor 
calculated in eq. (36). We therefore introduce the new function 


(42) G'(Ap, pd) = G(Ap, p0)(1— exp[—3ap?0*]) 


which is to be used instead of G in the plural scattering calculation. The rela- 
tive differential cross-sections then become 


CO oP (2) G(Ap, pô) exp [— xp202](1— exp [— 5 axp?02]), 
(44) r,(Ap, p,0) = (a) | o (A, VE) 
ZIG N OS di 
+p? 


| 


exp [— u] + exp 


> fl 


and Similar, more complicated expressions for the higher orders. The expres- 
sion (44) has the reasonable properties that almost the entire spectrum is 
reduced in scale for severely affected scattering conditions (p0/p, < 2), while 
for larger momentum transfer there is a suppression of the spectrum near 
Ap— p?0*/2M, the momentum loss suffered in single collisions. Our naive 
model does not justify à more detailed investigation of the modifications in 
the spectrum. 


cu i | 
— {un 


fl LS 5 
ES ul 2 exp ar iL; 


7. — Conclusions. 


We begin this section by collecting the results of our calculation for the 
quasi-elastic plural scattering cross-sections. The angular distributions are 
eq. (7), (37), (39) and (40) 


(mM) 


dove 


45 
(49) dQ 


= 6n,(A)ra(p, 0), 


while the distribution in angle and momentum loss Ap is given by eq. (7), 
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(43) and (44), 


(46) = 0,(A)r,(Ap, p, 0). 


dApdQ 


_ For numerical evaluation, we tabulate o,,(A) for two mass numbers (A=12, 189) 
. 9 I 5 . x 
in Table I and (M?/p?)r,(p, 0), which depends only on p0, for several values 


TABLE I. — The plural scattering cross-sections. 
A 12 189 
O71 11.2 mb 19.8 mb 
Co 1:92 5.40 
Ca 0.248 1 Be 
O4 0.25 


of this argument, in Table II. The predicted angular distributions based on 
these values are shown in Fig. 2 and 3 for the two cases. As expected, there 
isa range of momentum trans- 

serk&frome 0.75 GeVic-to 1.5 ant 


GeV/c in which plural scat- i 

tering dominates over single ; 

quasi-elastic scattering. At i 

smaller momentum transfer the 

Pauli principle and the greater | o'r 

normalization of the single E 

scattering make the plural scat- S 107+ 

tering relatively less likely. At È 

larger momentum transfers the  & 2b 

nucleon-nucleon cross-section > 

no longer decreases so rapidly 10 

and eventually remains larger | 

than the still decreasing plural 10° Ù | ter 
scattering cross-sections. The 0 PI 1.5 


overall effect on the angular 


nr. : ; : Fig. 2.— The angular distribution for plural quasi- 
distribution is to broaden it = a Ì 


elastic scattering from carbon. The dashed part of 
compared to the nucleon-nu- the curve for »—1 is based on the measured p-p 
cleon cross-section, as though cross-section (4) rather than on our fit eq. (3). 
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Taste I. — The relative angular distributions for plural scattering. 
po: fe 60 | 75 1.00 1.25 50 GeV/e 
(M2/p2)r, | 1.39 0.436 | 0.0347 | 0.00104 1.15-10-5 
(I2/p?)rs 0.436 0.177 3.79-10-2 | 4.2 -10-* | 2.8-10-4 


(M2/p?)rg a) ees 0.20 0.083 2.4 -10-2 | 4.5-10- 


the bound nucleons were «smaller» seatterers than the free nucleons. <A 
rough Gaussian fit of the form 


(47) exp [— a’ p?6?| 


is obtained with «'~5/M*. From Fig. 2 we can also see that the carbon 
cross-section will be about of an order of magnitude greater than the hydrogen 
cross-section for p9 — 1 GeV/c 
(plural scattering), but will ex- 
ceed it only by a factor of 2 
at small momentum transfer 
(single quasi-elastic scattering). 

The momentum-loss spectra 
are capable of giving more con- 
vincing evidence for the occur- 
rence of plural scattering. As 
we have seen, the mean energy 
loss depends on the number of 
collisions. If we expect that 


M°/p° da,/4@, mb 


the spectra from single and 
plural collisions are not resol- 
med ved, we predict an observed 
1 NE 7 
5 pO Geve 10 75 mean momentum loss that is 
+ SR 3 peine a weighted average of the mo- 
Dis 3: The angular distribution for plural i = dé i o 
quasi-elastic scattering from a heavy nucleus TISR VUE OSES SO ts 
(A-189). The dashed part of the curve for n—1 Processes. This quantity (Ap), 
is based on the measured p-p cross-section (4) ra- for the nuclei with A=12 and 
ther than on our fit eq. (3). 189 is plotted in Fig. 4. The 
experimental points are also 
indicated. We consider the agreement satisfactory. Whether triple collisions 
also contribute to scattering from carbon is not clear. Blind acceptance of 
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the results of our calculation would suggest that they do. Still, carbon is 
such a small nucleus that treating it as a «medium », as we have done, is 
not a very accurate procedure. 
In larger nuclei, triple collisions 
are likely to play a trole at mo- 
mentum transfers from 1.3 to AP 
1.7 GeV/c, and will broaden the 
momentum-loss spectrum. When 
our considerations are applied to 


on 


(Ap),-<A D), 
w 
sal 


the deuteron, then it turns out a 

that single and double collisions Je 

with total momentum transfer of 

1 GeV/c are about equally likely, 0 3 10 15 
if the density parameter is chosen p@ GeV/c 

so as to give the correct «shadow- Fig. 4. - The mean momentum loss for nuclear 


ing » (9). Because of the smaller scattering compared with the momentum loss 
in p-p scattering at the same incident energy 
and scattering angle. For A—12, single and 
double scattering have been used, for A —189, 
resolved maxima at Ap = p°6?/2 M single, double and triple scattering have been 
and at Ap= p?0>/4M in the mo- used. The circles represent the measure- 
mentum-loss spectrum. ments (!) but do not indicate probable errors. 


momenta of the target nucleons, 
one expects to observe two well- 


Finally, we shall point out 
that the study of quasi-elastic collisions up to momentum transfers of about 
2 GeV/e cannot give as direct information about the elementary nucleon- 
nucleon cross-section as one might have hoped. 


E Je & 


We are grateful to Drs. DIDDENS, LILLETHUN, MANNING, TAYLOR, WALKER 
and WHETHERELL for making available their results before publication and for 
stimulating conversations. We have enjoyed the hospitality of CERN, and 
numerous discussions with members of the Theoretical Division. 


RIASS UNDO: (8) 


La distribuzione angolare dello scattering nucleone-nucleone alle alte energie è 
fortemente accentuata in avanti. Per conseguenza, nello scattering nucleone-nucleo, 
esiste un intervallo angolare al quale è molto più probabile che contribuiscano suc- 
cessivi scattering elastici nucleone-nucleone legato di piccola apertura anzichè un solo 
scattering nucleone-nucleone legato di apertura uguale all’angolo di osservazione. Una 
tale collisione « plurale » produce nucleoni uscenti che sono dispersi dall’idrogeno secondo 
lo stesso angolo. Il moto di Fermi dei nucleoni legati è causa di un allargamento 
della distribuzione di energia dei nucleoni sparpagliati, ma sposta solo trascurabilmente 
il centro della distribuzione. I risultati dei calcoli con un semplice modello sono in 
soddisfacente accoordo con le osservazioni sullo scattering protone-carbonio. 


(*) Traduzione a cura della Redazione. 
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IL NUOVO CIMENTO Noy OU es NB! 1° Novembre 1961 


Some Consequences of Spin > for =. 


ALLADI RAMAKRISHNAN, G. BHAMATHI (*), S. INDUMATHI (Ÿ), 
T. K. RADHA (**) and R. THUNGA (*) 


Department of Thoretical Physics, University of Madras - Madras 


(ricevuto il 24 Agosto 1961) 


Summary. — Consequences of vane assignment of spin 3 for the cascade 
are investigated. The &-p and &-p interactions are analysed for both 
even and odd &-N parity. The binding energies of double hyperfragments 
by the capture of & by nuclei are also caleulated. The decay systematics 
of the & is also given. 


It is normally assumed that all the baryons have spin 3 but the possibility 
of & having spin 3 is not ruled out. There is no clear cut experimental evidence 
for spin } for & unlike in the case of A and Y. We wish to investigate some 
of the consequences of the assignment of spin 3 for E in strong and weak inter- 
actions. We expect these considerations to become relevant when more data 
on £-particles will be available. If this assignment proves to be true it is 
quite probable that = is not elementary. 


1. — Consider the reaction 


This interaction has been analysed in great detail (1) for the case of spin } 
for =. For spin $ the allowed final states are respectively *P, and 'D, for odd 
and even &-.N parity for initial S-state. 


) Council of Scientific and Industrial Research (Junior) Research Fellow. 
) University Grants Commission (Junior) Research Fellow. 

a eran Energy Commission (Junior) Research pie a 
ye 
UL 


‘ 


n 


PREIMAN : Phys. Rev., 118, 355 (1959) : see also L. B. OKUN and Ya. PouE- 


RANCH Soviet Physics J.E.T.P., 7, 862 (1959). 
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It is quite reasonable to assume an initial S-state for E p as the inter- 
action is subsequent to the stopping of E~ in the hydrogen bubble chamber. 
If in the final state we rule out all orbital angular momenta higher than /= 1, 
we see that in the case of even parity this reaction cannot occur. Of course, 
the initial state should have 7 = 0 and this suggests the possibility of a bound 
system of Æ p corresponding to the deuteron in a metastable state since it 
has no allowed final state into which it can decay. But it can decay by the 
emission of a hard y-ray, 2.e. 


BE +p rA+A+y. 


It is also possible that £° is heavier than 2° in which case the charge 
exchange reaction will have a threshold, while of course, the A-A system has 
no threshold. We thus expect a cusp in the production cross-section at about 
9 MeV. The angular distribution of the A-A system at the =°n threshold will 
fix the relative EN’ parity. To determine the exact behaviour of the cross- 
section and polarization at the cusp we require the matrix elements for the 


processes 
E +p —> &*+n 
and 
A +A—=E +n 


which of course are not known. In the case of odd EN parity we cannot 
distinguish between spin 3 and 3 as the cusps in both cases involve mainly 
an interference of 38, and 3P,. On the other hand if the EN’ parity is even we 
have to allow D-waves also and an unambiguous analysis becomes complicated. 
The main point is that the existence of the cusp fixes the sign of the mass 


difference of = and £°. 


2. — BARSHAY (?) has considered 


fg Sao 

for spin 4 of E. Extending this to the case of spin $ we find that the angular 
distribution of the final pair of bosons is sensitive to the spin as well as the 
relative EN parity. As before, restricting the initial state to S-waves only 
we find from Table I that the reaction occurs only for odd parity and a final 
isotropic distribution does not distinguish between spin 3 and 3. 


(2) S. BarsHaY: Phys. Rev., 120, 265 (1960). 
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Tage I. — Possible transitions and angular distributions for =" +p—> K*+ K* 
— 
Relative Tas tint Final Amplitude Centre-of-mass 
Spin E-p date orbital ang. for angular distribution 
| parity momentum transition (2) — COs 0) 
| | -| d a 
| | 
| 95 | 0 A Il 
| on 2 B 1 — 67° 297 
| 4 3D, 2 O me ve 
ARE È P, 0 A" 1 
F "Pr 2 B" 1+ 32? 
IE, 2 Al 1 
°D 0 3! 1 
HO 2 (ou 12 — a4 
3 5D, 2 D' 4— 9a? + Oar 
TOY. 4 EH 45a4 10224 13 
de Us 0 A2 1 
+ HE), 2 Bi 1 + 3x2 
DIR pate ee 2 el L— 


If we allow P-states (for even parity) the distribution has the form 


Pa) = a' + ba, 
where 
a'=18|A|?+|B\?+3|C|?+ 6 V2 Re A*B, 


b'= 3|B|:—3|C|}—18 V2 Re A*B. 


It is to be noted that the coefficients a’ and b’ are distinct from a and b 
of spin half distribution. Including D-waves also in the initial state the 
distribution (for odd parity) when 58,, 5D,, 3D., 5D, and 5D, participate is 
found to be quite different from that corresponding to spin 3. For spin 
we have 


poles 


F(x) = c+ d'a° + ext + flat 
while for spin } 


Pa) =-¢ + de? + ext. 


The #*-dependence in F(x) for spin 3 arises mainly because of the 5D, 14, 
reaction. 
If we consider the reaction 


E0 + p > K°+K* 
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since there is no restriction on the final state orbital angular momentum to 
be even, from the angular distribution it is possible to distinguish between 
spin 3 and } for = with initial S and P waves. 


3. — It is well known that &-capture in nuclei can lead to double hyper- 
fragments. Assuming spin 3 for & a detailed analysis of the binding energies 
of double hyperfragments where the two A’s form a single S-state has been 
calculated by Iwao (*). When & has spin 3 the A's will be in a relative P 
or D-state depending on the odd or even &.N° relative parity. It is unlikely 
that bound light hypernuclei occur with a A in a D-state. We shall therefore 
consider only the case of &.N odd parity. The © is assumed to be captured 
from rest and the excess energy released in the process E 74p>A+A will 
be shared by all the nucleons present. Under these assumptions the binding 
energies of the double hyperfragments are given below in Table II. 


TABLE II. Binding energies for double hyperfragments. 


Binding energies in MeV 


System parallel spin | antiparallel spin 

favoured favoured 

IRANI, ECO) | = 12/54 10.13 

AAnn | - il - 8.9 

4H yy | — 9.66 ce) diye 

oH ay | HR 0 - 6.69 

‘He, | — 1:03 = Newey 

CHESS | === des 2782 

AO A | 2.39 4.10 

Ss SIBA | 6.47 573 


The correlation between the charged pions arising from the decay of the 
2 A’s can be calculated using the density matrix in the combined spin space 
of the 2 A’s. It is well known that the density matrix (*) for the final state 
is given by 
Vo 
Uf Tr (To, mo) ’ 


where o, is the density matrix of the initial state and 7 is the transition oper- 
ator. Since we have assumed spin 3 for & the basic matrices are 4x4 and 


(3) S. Iwao: preprint. 
(4) L. WoLFENSTRIN: Ann. Rev. Nucl. Sci., 6, 46 (1956). 
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we can conveniently choose the sixteen linearly independent y matrices as 
our base. The density matrix will be given by 

QE POT) Smee 


where WN, is the direct product 8’ xa, S and o being the corresponding matrices 
for spin 3 and À respectively. 


The distribution in angle of the pion is given by 
P(o)dQ = (1+ ao0-p)dQ, 
where x is the asymmetry parameter and p, the unit vector in the direction 


of the pion in the A rest frame. In the present case the joint distribution of 


the two pions is 


The distribution function in pion angles is 


TrorPlo., oc) nl To Tel (or oil 39 
P(0 , Dy) = = — = = > Mya “Ds 
( 1 2) Tr Di Tr (Pat) 1 1 11. Pi P2 


4. — The decay 


Be” +A+ 2 


will have an asymmetry parameter x, which will depend on the spin of the €. 
Taking & to decay from rest only P and D-waves are possible in the final system. 
The subsequent decay of A to pro will show an asymmetry dependent on the 
polarization of the A. Taking the spin-flip and non-spin-flip amplitudes for 
the first decay separately we can calculate the probability for the proton po- 
larization to be along or opposite that of the =. We thus have 


rd rl | rl rl 2 r_ 1 79 
(Ar) = 4 Pi +4, e VERY 
VARI) VD il 
which gives for the distribution 
= sin? @[|Ap|?+ |4,|?— 2 Re 474, cos0], 
and 
3 Re AFA, 
“25 Area 
= | 4 P| T | 2 2° 
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The measurement of the correlation between the direction of motion of A and 
the proton, each measured in the rest system of its parent particle determi- 
nes «a, (°). 


We are very grateful to Professor M. GELL-MANN for drawing our atten- 
tion to the possibility of spin 3 for the & and to Professor R. H. DALITZ for 
helpful discussions. One of the authors (G.B.) wishes to thank the C.S. & LR. 
India and the other (S.I.) the University Grants Commission for the award 
of Research Fellowships. The authors (T.K.R. and R.T.) wish to thank the 
Atomic Energy Commission, India, for the Research Fellowships awarded 
to them. 


@) W. B. Treutscn, 5. OkuBo and E. C. G. SUDARSHAN: Phys. Rev., 114, 1148 
(1959). 


RIASSUNTO (¢) 


Si studiano le conseguenze dell’assegnazione dello spin 3 alla cascata. Si analizzano 


le interazioni E-p e E-p per parità E-N° sia pari che dispari. Si calcolano pure le 


energie di legami dei doppi iperframmenti per cattura di E nei nuclei. Si dà anche 
la sistematica di decadimento del &. 


(*) Traduzione a cura della Redazione. 


39 - Il Nuovo Cimento. 
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IL NUOVO CIMENTO AVION XXII, N: 3 19 Novembre 1961 


Momentum-Spin Correlations in Photoelectric Effect 
and in Single Quantum Positron Annihilation. 


H. KOLBENSTVEDT and H. OLSEN 


Institute of Theoretical Physics, N.T.H. - Trondheim 


(ricevuto il 26 Agosto 1961) 


Summary. — The transverse polarization of photoelectrons and the photon 
emission asymmetry with respect to the polarization plane in single 
quantum annihilation of transversely polarized positrons is calculated 
in the lowest non-vanishing order Born approximation. The effects are 
of the same nature and of the same order of magnitude as the polarization 
and asymmetry effects in Mott scattermg. The momentum spin corre- 
lation in quantum theory of radiation is shown to be proportional to 
the imaginary part of the matrix element integrals. The fact that the 
correlation only occurs in the second order Born approximation, the first 
order Born approximation matrix element integrals being real, is closely 
related to time reversal invariance. 


1. — Introduction. 


The transverse polarization of Coulomb scattered electrons was calculated 


by Morr (!). Similarily one expects correlations between electron momentum 


and spin in electrodynamic processes involving photons, like photoelectric 
effect, positron annihilation, bremsstrahlung and pair production. As will be 
shown below, only higher order corrections either in e2/he or in Ze?/he beyond 


the lowest order Born approximation, contribute to this correlation. Z being 


(1) N. F. Morr: Proc. Roy. Soc., A 124, 425 (1929). 
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the atomic number. The correlations expected in processes involving an atom, 
like photoelectric effect, single quantum positron annihilation, bremsstrahlung 
and pair production will therefore be of the order Z times larger than the 
correlations in the cases in which no atom is involved, like the Compton etfect 
and two quantum positron annihilation. 

In this paper we shall consider the simplest processes with large momentum- 
spin correlations, the photoelectric effect and single quantum annihilation of 
positrons. The calculation is performed in the lowest non-vanishing Born 
approximation. 

Photoelectrons produced by unpolarized photons may be expected to be 
polarized transversely to the plane of emission, since the cross-section may 
contain the quantity ¢-(p xk). p and k are the momenta of the electron and 
the photon respectively and € is a unit vector in the direction of the electron 
spin. $:(p xk) is obviously au invariant under space reversal and also effec- 
tively under time reversal when higher order Born approximations are taken 


into account. This is discussed in some detail below in Section 2 and in 


Appendix A. 

Since single quantum annihilation is related to the photoelectric effect by 
the substitution law, one expects for this process an asymmetry in the emis- 
sion of the photon with respect to the p,—f plane provided the positron is 
transversely polarized. p. is here the momentum of the positron. 

We shall here use the same method as in an earlier paper on polarized photo— 
electrons produced by polarized photons (?). 

The transverse polarization of photoelectrons is calculated in Sections 3-7, 
and in Section 9 the photon asymmetry in single quantum annihilation of 
positrons is obtained. In order to illustrate the simplicity of the present 
method we include (in Section 8) a derivation of the transverse polarization of 
electrons in Coulomb scattering to lowest non-vanishing order in Ze?/he. 

Possible experimental application of the photon asymmetry effect in po: 
sitron annihilation is discussed elsewhere (3). 

While this work was in preparation, we received a paper from NAGEL (1) 
where the problam of transverse polarization of photoelectrons is treated using 
a method similar to Sauter’s method of expanding the final state into spherical 
waves and retaining only the lowest order in Z in the angular momentum sums. 
The numerical results given by NAGEL in his Fig. 4 are in agreement with those 


of our Fig. 1. 


(2) H. OLSEN: Kgl. Norske Vidensk. Selsk. Forh., 31, 61 (1958). See also U. Fano 
K. W. McVoy and J. R. ALBERS Phys. Rev., 116, 1159 (1959). 

(3) H. Korpenstvept and H. OLSEN: to be published. 

(2) Be (Cis ENR CHATS RTS alts IN (1960) 
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2. - Momentum-spin correlations. 


Considerable simplification is obtained by noting that in general the spin- 
dependent part of the cross-section is proportional to the imaginary part of 
the matrix element integrals. This follows easily since the matrix element 


must always be of the form 
(1) | Paevt(A +o:B-o-C)v, = (J, + 16-J2)r% , 


where v, and v, are the initial and final state Pauli spinors, respectively, and © 
the Pauli spin vector. J, and J, are the matrix element integrals. We have 


here used 


(2) o:-Bo:-C=B-C+ic:(BxC). 
Averaging over the initial spin states, the cross-section is proportional to 
03 {| di |? “5 (LÀ SE iJio:Ji— CECI Fe +io:(J X J;)}02 . 


Now it is well known that the first order Born approximation matrix element 
integrals are always real. Thus Im, and Im J, must come from the second 
order Born approximation. The spin-dependent cross-section to the lowest 
order in Z is thus proportional to 


(3) (Re J,)? + (Re J)? + 20-{ReJ:ImJ,— Re J, Im J, + Re J, x Im J} , 


where $ is a unit vector in the final state spin direction 


ch 
= Ve 0%. 


We shall use formula (3) in Sections 6 and 8. 

It may also be interesting to see in a simple way how the invariance of 
the cross-section under time reversal comes about in the second order Born 
approximation. ‘The spin-dependent part of eq. (3) in general contains tactors 
C:(p1Xp2:) because of invariance with respect to space reversal. P. and p, 
are the momenta of the particles taking part in the process. This factor is 
multiplied with the imaginary part of the matrix element integrals. This ima- 
ginary part comes from the imaginary part of the Green’s function 


(a:s + 6 +e) Im Sir) = Im | lim i | MERE Hoa = 


LTT 


Vs AT] JOIE DOTE in J 
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where + and — denote asymptotically ingoing and outgoing spherical waves, 
respectively. Thus in time reversal, the change of sign of %-(p;Xp.) due to 
reversal of all vectors, is compensated by the change of sign of the imaginary 
parts of the matrix element integrals due to the change of direction of motion 
of the accompanying spherical waves. 

Thus since the first Born approximation matrix element is real and there- 
fore does not depend on the sign of 7, the fact that the momentum-spin cor- 
relation occurs in the second and not in the first Born approximation is closely 
connected with the time reversal invariance requirement. 

A more detailed discussion of these questions is given in Appendix A. 


3. — Photoelectric effect. 


We follow closely the calculation of reference (?). The wave-function of 
the 18,-state is given by 


(4) Yar je RE v, exp [— ar] = uw, exp [— ar]. 


o and v are the Pauli spin-vector and two-component spinor, respectively, 
a= Ze? /he = Z/137 and r=rfr. Energy is measured in units of me? and 
lengths in units of the Compton-wavelength #/mc. 

For the final state of the electron we use the wave-function obtained from 
the second order Born approximation 


(5) Pitr) = u, exp [ip:r] — | Gilr—r')V(r')u, exp [ip r']dÿr" + 


. 


a | G(r r')V(r Er — r') V(r") uy exp [ip-r']d#r' dur". 


Here x, is the free particle spinor, 


where v, is the Pauli spinor. 
G.(r—r') is the Green’s function for the Dirac equation and V(r) the 
potential of the nucleus. The Green’s function satisfying 


(a-p + B—e) rr) = der) 
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is given by 


G.( ; 1 \3 (exp [is:(r — r’)] d's 

6 Gah 1) Sahn Ts ER SA? 

(6) | ) 29t), | PS =P pere 

where -- and — denote asymptotically ingoing and outgoing spherical waves, 


respectively. The real and imaginary parts are separated by means of the 


. identity 


FIL) (a-s+f—e+in)!= (a:s+ +e} Pl, ,) Finals? — p>}, 


where P denotes the principal value. 

For a pure Coulomb field the Fourier transforms of V(r) that occur in the 
matrix elements diverge (5). To avoid these divergences, we use a screened 
potential 


V(r) = — “exp | Ai; 


and let À —0 after the integrations have been carried out. The matrix ele- 
ments then turn out to be logarithmic divergent. The cross-section must of 
course be finite, and terms containing A cancel out as shown in Section 6. 

The matrix element for absorption of a photon k with polarization vector e 
together with the emission of an electron from the A-shell with momentum p, 
energy e and spin € is proportional to 


Me rare tr EE 


where a is the Dirac matrix-vector. 
Following reference (*) the matrix element is divided into three parts 


| M Mi MIMO 
M; = (Pa, a-eexp[ik-r]%) , 
(3) 
M; = (Wn, a-eexp[ik-r]%) , 
Ms = (Pp, a-eexp[ik-r]¥%) , 


6) This was first noticed by M. GavriLa: Phys. Rev., 113, 514 (1959) in calcu- 
lations of the second Born approximation correction to the photoelectric cross-section. 
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DEN Roo : 
pi ae 
| with à FER af | 
a ne. CE 
… (14 = 1,4 ENTE ML 
029) cn 0 + ( =P + | oa Mes nd 
È ES A 
This is also the total first order Born approximation matrix element as dis- — EC 
RIE . È . > FACE 
cussed in the introduction. Be a ÿ 
7 te É n 
"pan Ri Lt 
4 pi. via o 
(5) For details of the calculation see ref. (?). e RR RE 
Ri Ne. 
Mo 
~ RI 
= > pe) 
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5. — The imaginary matrix element integrals. 


In order to obtain the contribution to the matrix element from the ima- 
ginary part of the integrals we go back to eq. (4)-(8) and find 


Cia. - exp [i(k — s)-r — ar] He Se |: 
E + 


LA IS RNCS 
M, (Im) = ine J aes dy (s— p)? ae Ae 


ZT, 


(a-s4+ f+e)acel . y= = | dés Sa 2 DI ; 
eo 2a, sapa di 
‘) / 


al re: +o-s)o-e | dr exp [i(k s):r—ar] 
2] Di 
oe (414 z 19 spas), | d'ro-f exp [ilk — s)-r — ar] bey ; 


Performing the r-integrations this may be written 


3 all 
CN: (Im) i-2atot {2 È m o-po'el;+?06'1;c-e—(s+1)o-ec-k1;, + 


1 1 
dii Dose ose (i c:po-I,c:ec'k- i G:Ppo,5°€0mlim [ Vi 


E — 


(16) (Ls, I, Tim) = 


These integrals are evaluated in the Appendix. 

The contributions to M, from the imaginary part integrals are found in 
a similar manner from eq. (4)-(8). It should be noted that in this case, since 
the potential acts twice in this matrix element, the r-integral may be per- 
formed with a—0, thus giving simply a Ô-function 


Lae fh : 
(E) | exp [i(k — s)-r]d?r= Ô(k —s) , 


Ca 


which simplifies the calculation considerably. 
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In this way one finds 


| 
| 


FÀ Lig | 
(17) M; (Im) = — ia! fs 


. Sion 
E —] e+] 


LS 
[ad 


i 
+ o:Lo-'e + — po Pe ho-ko-e 
€ 


where 


ds d(s? ono p?) 


LS) 
Le + 47] — py + 40° 


(18) Us, 1) = 


These integrals are also given in the Appendix. 


6. — The cross-section. 


The imaginary integrals contributing to M are given by eq. (15) and (17). 
Using eq. (2) M (Im) may be written 


) i 
(19) M (Im) = 2ia°v! [Ace io B Xe o xp'l-e— ms 
to 
where we have used the notation 
CALE = (e-1),, : 10 =” (l-e), . 
A, B and D are, from eq. (15) and (17), given by 


(CE 


? ] 1 
(20a) A = — st; Isp+ (e +3)L + zar I,-kp =" p'kL, - 
2 3 | pik 
Si pil (82 — ) [(€ ai 1)?/; + I; k]p — ale sani (TAR IE 4 
— il 1 1 
(20b) B= 2 A ba )k| I, — (e —1)1, 4 LP LE Te L= 
ted € 1 1 | 
= == JE JE I: k 
2|e—1 <P D VIE a) P 
and 
; | 
(20€) Dim can ki pe Sr 2 lun) Lo 
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We have here neglected the binding energy of the electron which is of the 


order a, thus 


>= 2%. 


By comparison with eq. (1) it is easily seen from eq. (13) and (19) that 
J, and J, are, to the lowest orders in a, given by 


Rew, = Ier, 
ImJd/=20°A-e, 
(21) Re dh = J xe, 
I | 
LIB Hire 
Im J; a ee e UE e ret DIS 


Dividing the cross-section into spin-independent and spin-dependent parts, 
do;/d 2 and do./d 2, respectively, 


i do: 
~ dQ’ 


do 
dQ 


i doy 
dQ 


the spin independent part of the photoelectric cross-section for unpolarized 


photons is thus from eq. (3) for the two K-shell electrons 


doy E 
22) == Chl) sr Cl. 
( ) dO 1 ( DI) ni 2) f 
where —. and + denote vector components perpendicular to and along k, res- 


pectively, and where we have introduced the factor 


In the same way the corresponding spin-dependent 
is from eq. (3) 


part of the cross-section 


do: 5 | 
10 LOC 1 « 


E) Awa (XB las CB Sie) 
I | A 
NET [kG “papel it dpi CI(pxI-ù),—(I ‘pX1), Gi] 


nes 
e - alle 


D LCD It + CTD xp | 
Sry ( <P), | +C-T(D < pu), — (I -Dxp) li 


where uw is the component of p perpendicular to k and à — u/u. 
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Introducing the expressions for the real part of the integrals from eq. (10), 

(12) and (14) and for the imaginary part of the integrals from eq. (B.2) in the 
Appendix, one finds after some algebra 


(24) do. ny Gall e? | B(k—1) C:k XP 


10 he} \me2} 2k4(k +1)? (1 — p cos GIE 
fi ra BN a ia a ep. BURSI II 
È ia Sr. (A + 1 el ra b COS 0) E + p Tesi In 1 n B AE (5° ERI ) COSE” (0/2) ==: | 


PL el RAS APR RTE 1)In 


1 — f cos 01 
PESA Qe — 1) | 


1+8 jf’ 


_ where 0 is the angle of emission of the electron, k=k/k and p= pip. The elec- 
| tron velocity in units of the light velocity, B, is given by 8 = v/ 2k(k +2) /(k-+1). 
The terms containing In À in eq. (23) have cancelled out as they should. 

The spin-independent cross-section is given by the well-known Sauter cross- 
section (7) which may also be derived from eq. (22), 


= doo fe I CSI 2B(k - 2) sin? 0 | . 
A nie i + 1 + £k(k® —1)(1 — B cos 6)] . 
( >) VA im me k4(k ate 1)3 (1 18 COS DO. 2 ( )( p COS )| 


It should be noted that the spin-dependent part of the cross-section, eq. (24), 
contains one extra power of (Ze?/he) as compared to the spin-independent 
part, eq. (25), which is due to the fact that only the second order Born approx- 
imation contributes to the spin-dependent part, as discussed in Section 2. 


7. — The polarization. 


Denoting the cross-section for emission of an electron whose spin ¢ is 
parallel to k xp by (do/dQ),,, and for the opposite case that € is antiparallel 
to kxp by (do/dQ) we define the transverse electron polarization by 


anti? 


(d/dQ)(Gpar — Gant.) 
(26) P= a o 


(d/4Q)(ovar + Canti) | 


(7) F. SautER: Ann. d. Phys., 11, 454 (1931). 
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Using (24) and (25) one finds 


Ze? k?—1 1—f cosÙ 
(27) P,=(— ape : 
| he) 4(k + 2) sin Ÿ 
k+1, 1—$f E K 
2 + (k+1)(1 — B cos 0) 2+£ AE In a 8° Ii = I 
1 + 3%k(k® —1)(1 — B così) i 
where 
6 + I 1 — B cos 0 
Ke Mato +1)In È à 
Ù k(k — 1) 1 + così 14 
Ze 
Lange) 
Fig. 1. Transverse polarization of photoelectrons produced by unpolarized photons 


as a funetion of the emission angle 0. The numbers affixed to the curves refer to 
the photon energy in MeV. 


Graphs showing the angular dependence of the polarization for several 
energies are given in Fig. 1. 


8. — Coulomb scattering. 


As mentioned in the introduction we also use the present method to cal- 
culate the transverse polarization of Coulomb Scattered electrons. The com- 
parison with the exact result of SHERMAN (*) is given in Section 8 and in Fig. 2 


me 


(*) N. SHERMAN: Phys. Rev., 103, 1601 (1956). 
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The scattering matrix À is given by 


R= ui | exp [~iper|V(r) P(r) dr , 


where #, is 


Yi(r) = uw, exp [ip r|— | SAT) (Te ip: re] dre 


which is analogous to eq. (5), but where we now have 4_ corresponding to 
outgoing spherical waves. 

Again the matrix element is divided into two parts containing the real 
and imaginary integrals 


R= R(Re) + R (Im). 


To the lowest order in a one obtains 


data G:P26'Pi| 
28 R(Re) — — CL | 
(28) CH ani 
and 
12a? ie == | 
(29) PR (Im) = = ACT + pr) + |(e + 1)? e pers r, 
: El | 
— io-:|qXr, + ra Vi(P1 X Pr») (e 
where 
3 d3sd(s° — p?) 
r ? T2 = = E CEREA A 9 | = 5 | DI (1 s 
ce ee 12 oe! 
r, and r, are found analogously to J, and [,, 
Tr a 
| yat 
(30) 1 
| 47 DE i 
uil ene “in — —- — In — | (pi + pa) 
| pP(p.4 cala yen 2p) ARGINI 


4321 


Aga 34 
Ve Je = TEE PE 


RA 
202 E — 
HO stag q Xr; ue Li (pi * pa) 

ae ©), RE 

0.9 

0.8|- 

ball 

0.6. 


Li LL 1 


30 60 90 120 150 180 

Fig. 2. — ‘Transverse polarization P, of initially unpolarized electrons by Coulomb 
scattering, as a function of the scattering angle 0. Numbers given refer to the kinetic 
energy of the electrons in MeV. Dashed curve: second Born approximation caleu- 
lation. Full drawn curve: exact results of ref. (8). The curves also give the scattering 


a EE upon 


am at. abit 


asymmetry £ (with opposite sign), eq. (33), of transversely polarized electrons.  Corre- 


sponding quantities for positron scattering in the second order Born approximation 
are obtained by reversal of signs of P, and R. 


From formula (3) the spin-dependent cross-section is found to be 


doe 1 Fe 3/ e2 \2 CP X Pa 3 0 
32 SUE E Pin sin = 
SR, dQ 2 \%e | ar (Be)? sin? 0 Rs 2 ? 


which is Mott’s result (‘) to the lowest order in (Ze?/he). 
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The transverse electron polarization, defined according to eq. (26), where 
now «par» means parallel to p, Xp: is 


22\ 9B sin2 (9/2) to (A/é 4 ‘ 
(33) ee (a 2p sin (6/2) to (9/2) In sn (0/2) 
he) te 1— f? sin? (0/2) 


In Fig. 2 the angular dependence of the polarization is calculated from the 
second Born approximation eq. (33) and also from the exact results of SHER- 
man (8). 


9. — Single quantum positron annihilation. 
Denoting the positron energy, momentum and spin by e,, p. and &., res- 


pectively, the single quantum positron annihilation cross-section is obtained 
from the photoelectric cross-section by the substitutions 


1) €, p, §$ ~—e+, —p+, —G, since the particle in the unbound state 
now is a positron, 


2) k, k, e+—k, —k, e* since the photon now is emitted, 


3) n—>—1" in the Greens functions 


1\3 f exp lis r|dés 
| )J ST MIR rad 


2a) Jas f—e4 in 


since the positron is an incoming particle and therefore is accompanied by. 
outgoing Spherical waves. This changes the sign on the imaginary part of the 
matrix element integrals and thereby on the spin-dependent part of the cross- 
section as discussed in Section 2 and Appendix A. 


4) multiplication by the statistical volume factor &?/pî.. 


In this way we find from eq. (24) and (25) the spin-dependent part of the 
cross-section, 


Fous, & ( ea erates ARLES 

“rosé he } \me) &(e, +1)%(e, —1) (1— B, così) 
f A ; DRE 1 — si . rl rl | 
LPO i 108 6) |2 + "+ ] 4 a . 
Di e.(1— fp, cos 0)|2 4 reo, ny Ep.” Kae K4|; 

where 

‘ rh —_ Bye, ie pl È — Bs cos 0 

4 es eae +2) ife)" IFRS ? 
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and the spin-independent part 


36 do, _ z (ee I e \2 4B, sin* 6 
Oy JO A = ei (e, +1)? sa cos 0)! 


LES , +1)(e, + 2)(1 — f, così)]. 


Defining the photon emission asymmetry 
with respect to the polarization plane as 


k= 


(d/49)[o(p = 2/2) — o(p = —2/2)] 
)[o( 


(4/40)[o(@= 2/2) + o(g =—2/2)]’ 


where g is the azimuthal angle of Fig. 3, 
measured from the polarization plane, we 


find 
Hie. 3. — Angles occuring in a È 
single quantum positron anni- (37) Re) ie | é,(€, + 2)1— B, così 
hilation. hey ls = sin 0 


where K° is defined in eq. (35), and €, ; is the component of &, perpendicular 
to p.. Graphs of the photon 


emission asymmetry for var- À -r/(p LE 
ious positron energies are given 
in Fig. 4 Fe 

The effect is analogous eae 


to the asymmetry of trans- 
versely polarized Coulomb 12e 
scattered electrons or posi- 
trons (*). In that case we 1.0- 


0.8} 0.25 
a ee 0.67 0.5 
Fig. 4. — Photon emission asym- 
metry in single quantum annihi- geal 
lation of positrons transversely 1.0 
polarized to the degree P,. The Sl 
numbers affixed to the curves 
refer to the kinetic energy of the 8 
positron in MeV. A 30 60 30 120 
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have from eq. (33) 


Tam < 1h 2 6) o (AJ). E Je 
(38) Rea (7 | 28 sin? (6/2) tg (0/2) In sin (6/2) 
NDC me 1 — f? sin? (0/2) 


where the upper sign refers to electrons and the lower to positrons. Thus Fig. 2 
also gives the scattering asymmetry of transversely polarized electrons, and 
of positrons with the opposite sign. 

It is interesting to note that the sign and order of magnitude of the asym- 
metry is the same in single quantum annihilation as in positron scattering. 
A transversely polarized positron hitting an atom is preferably scattered in 
the direction g = — 7/2 of Fig. 3, and this is also the most probable direction 
of emission of its annihilation radiation. 


10. — Discussion. 


From Fig. 1 and 2 it is seen that the degrees of polarization of photo- 
electrons and of Coulomb scattering are of the same order of magnitude and 
of the order of at most (4--6)% in the case of Aluminium. The photon emis- 
sion asymmetry, Fig. 4, is of the same order of magnitude. Since P, and R 
are proportional to Ze?/he one might expect sizable effects for heavy elements, 
provided the Coulomb correction due to higher order Born approximations 
does not lower the effects. 

From Fig. 2 it follows that the Coulomb correction to the polarization of 
scattered electrons is reasonably small for light elements when the electrons 
are not too slow. For heavy elements the Coulomb correction increases the 
polarization. From the analogy of the processes one might conclude that for 
the cases of photoelectric effect and positron annihilation the Coulomb cor- 
rection should be of the same order of magnitude as for scattering. Thus even 
for fairly heavy elements Fig. 1 and 4 should represent the correct order of 
magnitude of P, and R. 

The photoelectrons are polarized parallel to the vector product of the 
momentum of the initial particle with the momentum of the final particle while 
the Coulomb scattered electrons are polarized in the opposite direction. The 
asymmetries in Coulomb scattering of positrons and in positron annihilation 
are on the other hand of the same sign as discussed in Section 9. 

Formula (27) for the polarization of photoelectrons cannot be used for 
angles close to 0 — 0, since it is based on the Born approximation cross-section, 
eq. (25). The latter predicts zero intensity in the forward direction, while it 
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is well known both from experiments (*) and theory (!°) that the current is 
finite in this direction. Similarly eq. (37) for the photon asymmetry in positron 
annibilation is not reliable for very small angles. 

For small angles also higher order Born approximations should be added 
to do,/dQ, eq. (25), replacing sin?0 by sin?0+?, where x is a constant for 
small angles. The polarization P,, eq. (27), and the asymmetry R, eq. (37), 
are thus for small angles to be multiplied by 


sin ? 0 


sin? 0 + a?" 


Thus both P, and À are equal to zero when the secondary particle is emitted 
in the forward or in the backward directions. From Reitan’s work (1), one 
finds 


Ze? 
(40) a = | 


| Ble : 


he 


Our formulae eq. (27) and (37) and the curves of Fig. 1 and 4 are thus valid 
for angles larger than 


Ze2 
4] Oy & le. 
(41) x (5) Ble 


For Aluminium 0, is always less than 3° and even for lead 6, never exceed 18°. 
Our present results are therefore always valid in the region of angles in which 
the cross-section is largest. 

For high energies the degree of polarization of photoelectrons is small of 
the order 1/e, but still much larger than that of Coulomb scattered electrons 
for the most important angles of emission, 9~1/e. For scattering one finds 
when e > 1 and ua ef ~O(1) 


(42) P= ea one 
he der 2 
while for the photoelectric effect 
1+ w? 


7 >2 1 
43 P = di — AE 2 
(43) | tar In (1 + w?)] . 


(?) S. HULTBERG: Ark. f. Fys., 15, 307 (1959). 

(19) B. C. H. NAGEL: ref. (4); K. Mork and H. OLSEN: Proc. Phys. Sem. Trond- 
heim, no. 4 (1960); A. REITAN: to be published. 

(4) A. REITAN: ref. (1°). 


2u? 
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The asymmetry in positron annihilation is correspondingly at high energies 


VAI RIO 1+ u? 
44 R = | PEU SE In (1 + w? 
i he End | _ 2u? TE LE Pl 


That the momentum-spin correlations in quantum theory of radiation 
vanish at high energies is as might have been expected from calculations of 
high energy bremsstrahlung and pair production (#2), where to all orders in 
ze>fhe no correlation of the form ¢-(p*k) was found. 


ASPPIEINED Tx A 


Consider the matrix element occurring in quantum theory of radiation 
for an absorption process 


C= | Pi (ps; Go» 13) exp [iest]a-e exp [i(k-r — ot) JP, (pi. Gi: m)exp[—iet]d'rdt. 


Applying the time reversal operator 7 = io, (complex conjugation) we have 


| Mr = | (TY,)+ exp [— dest]a-e* exp [— i(k-r — Wi)|(T*7) exp [iext]d?xdt , 


since now the photon is emitted. 
Writing Y as a Born series 


ee Lexy [ip-r| =| ar —r')V(r'jexp [ip:r']d*e'+... WIE 
it is easy to show that 
Wee few [— ip:rl— | G_(r—r')V(r') exp [— ip:r']dx + ll u(— p, —S), 


noting that if w is a spinor with spin in the direction &, 


= i De Coeur, 
cor, 


(22) H. OLseN and L. C. Maximon: Phys. Rev., 114, 887 (1959). 
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then io,u* is a spinor with spin in the opposite direction, 


Thus 


TP(p, Ce: n) = Y(— p, . CG is M 


and invariance of the cross-section under time reversal is equivalent to inva- 
riance under the substitution 


(Pis Pas Sir Ga; k, e, 4) > (— pr, P2: Ci, ce k, em À ee 


In particular then since the first Born approximation does not depend on 
the sign of 7, spin-dependent terms like 


Gexe*, tt, G1 Pi X P2 Se" PiX Pr; 


etc. may occur in the first Born approximation, while C,-p, x p, may only 
occur in higher Born approximations. 


APPENDIX B 


It is only necessary to calculate the two integrals 


n i dis d(s? — p?) 
P(a?)=|- ie 
oe = ee a? 


and 


ia a I 
Q(a*) fs + A®\[(s— bk) + a?) 


The desired integrals follow from these bv the rules 
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We shall only need the integrals in the limit a= 0. It should be noted that 
in this limit P(a?) = P(A?)=P(0), since there is no divergency from the 
denominator (s—k)?+ a? when a=0. This follows since when s=p, then 
s —k is never zero. 

Using a method due to Feynman (1%), P may be written 


p= [ass i dae d(s° — p?) x 
“J [s? +k? + a? + (p?— k? + A2 — a?) — 28(k — qa)}? 


The angular integrations are now easily performed giving 


Bs 2ap | dr{lp tk? + a+ (p?— kh? + A? —a?)x]? — 4p*(k — qz)*\-1, 


which may be integrated by standard methods. The result is 


MES 
2p(q° + a?) 


= 


In a similar way one finds, as Q depends on the two vectors p and k only 
Q = Ap+ Bk. 
In this case we may take immediately a= 0, thus 


A= P— pui (p In Z, + pln L;), 


(p nL, + p, In L), 


Okey? 


where 


Le L= cos 6), Ty Set GB) - 


(13) R. P. FEYNMAN: Phys. Rev., 76, 769 (1949). 
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From the rules Eq. (A.1) we finally find for a = 0, 


q° 2 e I 
Tt 

— i De Il =” 

i I pe In Z, n ie 

(B.2) À 
IT 
me ; Bi Galle Ea 

EI 3kpu? (p In L, + p, In L:)| p + Dani (pln L, + p. In Le) 
k-I = kel, cs i I; 4 


(a quali o> ike 1 
PP 942) 92 2k 4k 


In Lo 


Calcoliamo nel più basso ordine non nullo, dell’approssimazione di Born la pola- 
rizzazione trasversa dei fotoelettroni e Vasimmetria, rispetto al piano di polarizza- 
zione, dei fotoni emessi nella annichilazione ad un solo quanto dei positoni polariz- 
zati trasversalmente. Gli effetti sono della stessa natura e dello stesso ordine di 
grandezza degli effetti di polarizzazione e di asimmetria nello scattering di Mott. 
Mostriamo che, nella teoria quantistica della radiazione, la correlazione fra momento 
e spin è proporzionale alla parte immaginaria degli integrali degli elementi di matrice. 
Il fatto che la correlazione abbia luogo solo nella approssimazione di Born del secondo 
ordine, mentre gli integrali degli elementi di matrice nella approssimazione di Born 
del primo ordine sono reali, ha una stretta relazione con Vinvarianza rispetto all’inver- 
sione del tempo. 


(*) Traduzione a cura della Redazione, 
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The Automatic Collection and Reduction of Data 
for Nuclear Spark Chambers (*). 


H. GELERNTER (**) 


CERN - Geneva 


(ricevuto il 30 Agosto 1961) 


Summary. — A system is described which dispenses with the traditional 
use of photographic film for recording the data contained in the discharge 
of a nuclear spark chamber. Instead, the chamber itself is directly viewed 
by a television vidicon camera, whose output is digitized for direct input 
to a computer or for recording on magnetic tape. Preliminary experiments 
indicate that a measurement precision of 0.1% (i.e., to locate the center 
of a spark to 1 mm in a meter-wide chamber) will be easy to achieve with 
ordinary industrial vidicon tubes. The existence of currently available 
high resolution vidicons makes it likely that this figure can be substan- 
tially improved. By coupling the video system directly to an IBM 7090 
computer, it is shown that the automatic collection and on-line analysis 
of 100000 spark chamber events per day is probably feasible. 


1. — Introduction. 


The development of the nuclear spark chamber as a particle trace detector 
is currently being pursued with increasing interest at many high energy accel- 
erator laboratories. As a visual particle detecting device, the spark chamber 
possesses a number of characteristics which, taken together, differentiate it 
sharply from all other such instruments and, indeed, make it uniquely suitable 
for certain kinds of experiments ('). We enumerate the most important of 


these properties as follows: 


(*) This work has been jointly supported by the Ford Foundation and IBM Research. 

(**) On leave from: IBM Research Center, Yorktown Heights, N. Y., USSEAS 

(1) a) 1960 Intern. Conf. on Instrumentation for High-Energy Physics (Berkeley, 
Sept. 1960); b) 1961 Argonne Symposium on Nuclear Spark Chambers, in Rev. of Sci. 
Inst., vol. 32, pp. 480-531 (May 1961). 
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1) Extremely short sensitive time (of the order 1 us). 


2) May be triggered by a system of counters to display a selected inter- 


action. 
3) Very short recovery time (of the order 10 ms). 
4) Extremely high signal-to-noise ratio of output. 


5) Simplicity and low cost of construction and operation, even for large 
chamber assemblies. 


The first two of the listed properties make it possible to place the chamber 
in a relatively intense particle flux so that interactions occurring with very 
low cross-sections may be detected and recorded at high rates. Because the 
chamber is sensitive for so short a time, the triggering event will, in general 
be all that is displayed. Consequently, the signal-to-noise ratio is favorable 
in the sense of information content as well as detectability of the trace. 

The ten millisecond recovery time, of course, makes it possible to acquire 
large amounts of data during a short run. For example, using the 100 ms 
long pulse produced by the CERN proton synchrotron every three seconds, 
one could expect to record about 10 events/pulse, or about 100 000 events during 
eight hours of running time! 

While the newly-developed scintillation and filament chambers share the 
first three advantages with the spark chamber, they fall far short on the 
points of signal output and simplicity and low cost of fabrication of large 
detecting assemblies. As we shall point out below, the intense spark signal 
eases greatly the potentially difficult problem of high-speed data collection, 
while the last-mentioned point needs no elaboration. 

So silvery a lining must have its concomitant cloud, and, in fact, the spark 
chamber has several, which assure the continued importance of the bubble 
chamber as a visual particle detector. The most important of these failings 
are the limited precision of trace reconstruction attainable with a system 
where the track element is a spark discharge between two plates, and the 
fact that the mass of the chamber is heavily concentrated in the chamber 
plates, so that the point of origin of interactions occurring within the volume 
of the spark chamber can be determined only by extrapolation. A somewhat 
less important disadvantage is the fact that the precision of trace reconstruction 
falls off sharply for tracks more than 45° off the plate normals. To state the 
limitation in precision of energy and momentum determination is, of course. 
merely to reiterate the first three points. 

Despite the gloomy prognosis of the last parag ‘aph, spark chambers do, 
in fact, make possible whole new classes of high energy physics experiments 
that would be difficult or impossible to perform by any other technique. We 
address this paper, in particular, to an interesting subclass of these experiments 
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described by ROBERTS (?). These experiments are characterized by the require- 
ment that extremely large numbers of events must be collected and measured, 
either because of statistical demands, or because the desired event occurs 
rarely, but can be distinguished from an unwanted case only by performing 
the measurement and analysis of all events releasing the trigger. 

As an example of the first kind, ROBERTS cites the determination of angular 
distributions where visual detection is required to identify the event, and 
where one might, for example, be searching for a small peak superimposed 
on a smooth angular distribution. 

As a representative of the second class, ROBERTS mentions the extremely 
interesting problem of the scattering of hyperons by protons. Because of the 
short hyperon lifetimes, the compound probability for the production of a 
hyperon and its subsequent scattering before decay is extremely low, making 
the hydrogen bubble chamber an impractical instrument for collecting scat- 
tering data. One can, however, devise triggering systems which will detect 
the production of a hyperon by, for example, an intense K beam through a 
liquid hydrogen target. Almost every spark chamber discharge will, then, 
record the production of a hyperon, but only a small fraction of these will 
have scattered before decay. Since the scattering occurs in an interaction 
medium placed inside the spark chamber, it is «in the dark » with respect to 
our visual detection system, and can be detected only by kinematical recon- 
struction of each production event. 

One might point out that in the experiments described above, the spark 
chamber may be realistically considered as a very high resolution, close-packed, 
three dimensional array of very fast counters. Our proposal, then, is for a 
high-speed, automatic, real time system for determining which of the counters 
in such an array has fired at a given time. From the latter point of view, a 
spark chamber is no longer a cheap, but blurry bubble chamber, but rather 
a significant improvement in high-speed particle counter technology. 


2. — The problem. 


In order that our discussion may be concretely based, we shall develop our 
system requirements for a particular spark chamber configuration and a par- 
ticular mode of operation. While the generalization will be, for the most part, 
obvious, we shall, in summarizing, indicate the limitations of the technique 
and the conditions under which certain critical specifications may be relaxed. 


(2) A. RoBerts: unpublished report. 
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We assume, then, the following: 


1) one-meter wide spark chamber; 


~ 


li 


) 100 spark gaps in the assembly; 


position of each spark to be determined to 1 mm (1 part in 1 000): 


vw 


data collection at rate of 100000 events/day ; 


da 


5) spark chamber recovery time of 10 ms; 
)) 


one 100 ms long proton synchrotron pulse every 35; 


[en 


4 


) on the average, each gap will display 5 sparks; 


00) 


sparks about 1 mm wide. 


The specification for co-ordinate precision of 1 mm in à meter may, of 
course, be replaced by any equivalent ratio; for example, 3 mm in a 50 cm 
wide chamber might possibly represent a more useful configuration 

A goal of 100000 events/day is attractive for an on-line real-time 7090 
coupled system, since, as we have already pointed out, these could be col- 
lected in about eight hours. This arrangement would allow one to assign the 
second shift of computer time to the spark chamber production run, leaving 
the full daytime shift to the more traditional uses of the computer. 

The low information content (in the information-theoretic sense) of a single 
spark chamber discharge is a well-publicized fact. For our representative con- 
figuration, 7 bits are required to specify the plate co-ordinate (7.e., which one 
of 100 gaps contains the spark), 10 bits to specify the gap co-ordinate (the 
position of the spark within the gap) to 1 part in 1000. We may choose to 
allow 3 bits to specify an additional useful quantity, the intensity of the 
spark (allowing for eight distinguishable levels). The latter quantity should 
significantly simplify the problem of reconstructing the event automatically. 
A single « view » of the chamber, then, will contain, at an average of 5 sparks/gap, 
500 spark co-ordinates of 20 bits each, or about 10000 bits/view. Again for 
the purpose of simplifying automatic reconstruction, we allow for 3 « views » 
of the discharge, making a grand total of 30000 bits/discharge, or fewer than 
1000 thirty-six bit computer words. We hasten to point out that for most 
experiments, our estimate is, without doubt, generous. Clearly, different 
interactions will produce different numbers of secondary particles to be recorded. 


3. — The direct digitization of spark chamber « pictures ». 


Thus far, we have tacitly assumed that any large scale spark chamber 
data-reduction system will entail the completely automatic reconstruction and 
recognition of the events of interest, as well as automatic measurement and 
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interpretation. There is nothing particularly bold about the foregoing pre- 
sumption; the properties of a spark chamber and the nature of the data pro- 
duced by it lead one quickly to the latter conclusion (*). We shall not dwell 
upon this point, except to mention briefly the most important factors favor- 
able to a completely automatic system. These are: a) the relatively low max- 
imum precision of the primary data; 2) the almost complete absence of noise 
and extraneous information; e) the event displayed will have been preselected 
by the triggering system; d) triviality of the stereo reconstruction due to the 
fact that the same point is measured in all views; and e) sparks in a given gap 
belonging to different tracks are often of different intensity. 

Accepting the foregoing as a point of departure, we propose to eliminate 
the introduction of photographic film as an intermediate data storage medium. 
Instead, the spark chamber is viewed by commercially available vidicon-type 
television camera tubes, whose output is immediately digitized for input to 
a high-speed digital computer. Alternatively, the information may be stored 
on magnetic tape, for later processing. 

The advantages of dispensing with the film are easy to see. For each of 
the experiments mentioned above, one might collect perhaps 106 to 107 3-view 
« pictures ». Under such conditions, film and processing costs, bookkeeping 
procedures, and storage space requirements become serious problems. But by 
far the most important advantage lies in the elimination (for the computer- 
coupled system) or drastic reduction (for magnetic tape) of the time lag between 
the collection and the analysis of the data. Since magnetic tape may be erased 
and reused, the advantages of cost and space reduction are not lost in the 
latter case. 

We must emphasize the fact that it is quite possible to store all of the 
information produced by the spark discharge in digital form, including an 
intensity figure for each spark. If a daily magnetic tape of the raw data is 
also produced by the directly-coupled system, one could visually scan at will 
any doubtful event merely by having a computer program reconstruct the 
picture on a cathode ray output tube, with no loss of useful information. Tn 
fact, the event could easily be reconstructed in slowly rotating perspective on 
the screen, for the amusement of the physicist, if not as an aid in recognition 
and interpretation. Such doubtful events would lie compactly assembled on 
a special tape, the daily tapes being returned to service. 

Granting the desirability of eliminating the film, the feasibility of doing 
so has been demonstrated in a preliminary experiment performed at CERN. 
An ordinary off-the-shelf 1° commercial vidicon in an inexpensive industrial 


(‘) Kopster and Roperts both consider the automatic scanning and interpre- 
tation of spark chamber photographs in ref. (*) b). 
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television camera was used to examine the problem of securing adequate pre- 
cision of measurement. 

A vidicon-type camera tube has much to recommend it for our purposes 
in preference to the more highly-developed image orthicon. Both are storage- 
type tubes, in which the optical image is converted into a distribution of 
charges on a target plate, and subsequently read by scanning with an electron 
beam. Charge images may be preserved for a significant fraction of a second 
without serious degradation. In the orthicon, the image is produced by photo- 
emission; in the vidicon, by photoconduction. Vidicons are considerably 
simpler and more stable in operation than image orthicons. They are, con- 
sequently, much less expensive, and require simpler operating circuits. 

For spark chamber data collection, vidicons possess a further critical ad- 
vantage. The formation of the image charge distribution in a vidicon is a 
passive process; electrons leak through a charged photoconductor where the 
target has been exposed to light. Image formation is, therefore, unaffected 
by the intense electrical noise produced by discharging the spark chamber. 
The process of converting the image into a time-varying current by scanning 
with an electron beam can wait for complete quiescence in the high-powered 
transmitter that a spark chamber, in fact, is. The image orthicon, on the 
other hand, includes an electron image intensification section before the target, 
which will probably be highly susceptible to the electrical noise produced by 
the spark discharge. Our preliminary experiment has confirmed the insen- 
sitivity of the vidicon to the latter condition. 

All tubes employing electron beam scanning are, of course, disturbed by 
varying magnetic fields. However, unless a spark chamber is to be used in 
conjunction with a pulsed magnetic field, the latter are not expected to be 
especially intense in the vicinity of the chamber, so that one may successfully 
resort to magnetic shielding of the vidicon cameras. If a pulsed magnetic 
field is indeed to be used, the rate at which the chamber may be operated will 
be determined by the decay time of the field rather than the recovery time of 
the chamber or the information transfer rate of the vidicon system. 

In order to examine the requirements for the video section of the data 
collection system, we assume the following plan of operation. During the 
ten milliseconds available between « pictures », we allow perhaps the first milli- 
second for all noise transients to die out. The next five milliseconds are used 
for scanning the data from the tube, and the remaining four milliseconds are 
used to erase the after-image from the target by flooding it with electrons. 

In the five milliseconds allotted to scanning, the beam must make 100 sweeps 
of the image target: one for each gap. Dividing each 50 ws sweep into 1000 units, 
the electron beam must be able to detect the image of a line approximately 
I unit in width to a precision of 1 unit (0.1%). 


One will readily note that the term «resolution » has thus far been stu- 
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— Video signal obtained from 10 kV spark in alcohol-saturated argon. Each 


£ 3 È A A ni _f e . . . T . 
square represents 3ç of a full vidicon sweep horizontal scale; 1 V vertical scale. 


Video signal obtained from mercury-are illuminated slit 0.47 mm wide. Each 


5° 


square represents 35 of a full vidicon sweep horizontal scale; 1 V vertical scale. 
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diously avoided in specifying vidicon requirements. The resolving power of 
an optical system (for photons or electrons) is a well-defined concept. It refers 
to the ability of the system to form two separate and distinguishable images 
of two separate objects. Thus, when a vidicon tube is represented as being 
able to resolve, let us say, 400 TV lines (or 200 optical line pairs) at 45% 
modulation, the following is implied. If an object consisting of 200 pairs of 
alternating black and white stripes is imaged on the full width of the target, 
the periodic signal current one measures when sweeping across the pattern 
will be, at its minimum, 45% less than at maximum, after allowing for the 
constant dark current. Since, for our purpose, we do not demand that two 
lines one unit apart be separated, but merely that one line one unit wide be 
detected, a vidicon of considerably less than 500 optical line pair resolution 
will suffice for a precision of one part in a thousand, providing that the signal 
is sufficiently intense to bring it well out of the noise. Such a tube will, of 
course, produce a signal broader than the line being scanned, but because of 
the low noise level, the center of the signal will accurately represent the center 
of the line. 

The oscillograms below are Tektronix displays of the video signal obtained 
with an ACEC industrial closed circuit TV camera fitted with a one-inch 
PTW 255 IND vidicon tube. The scanning speed of the unit, about 60 us/sweep, 
is within 20%, of the sweep speed requirement for our representative system. 
Fig. 1 is a single sweep displav of the signal produced by a 10 kV spark in an 
alcohol-argon filled single gap spark chamber triggered by cosmic rays passing 
through the chamber. The chamber was positioned so that its 12 cm width 
took up about one eighth of the full vidicon sweep (1.e., a full sweep to scan a 
meter-wide chamber). The oscilloscope setting (1 us/cm sweep speed: 1 V/em 
sensitivity) was such that a square on the face plate scale represents about 
2 em of spark chamber gap. Our requirement for one part per thousand pre- 
cision, then, or one mm in a meter, translates into the requirement that the 
center of the pulse displayed in Fig. 1 be determined to 1/20 of a square. 
Despite the makeshift experimental conditions, and the fact that no attempt 
was made to optimize either the vidicon operating conditions or the behavior 
of the spark chamber, the spark signal obtained is certainly adequate for our 
purposes. 

Fig. 2 is a display of the video signal obtained by replacing the spark 
chamber with a 0.47 mm slit at the same distance. Oscilloscope settings were 
identical with those obtaining for Fig. 1. The center of the slit signal could 
easily be determined to 1/2000 of the sweep (1.e., è mm in a meter). Further 
narrowing of the slit produced no corresponding narrowing of the signal pulse, 
indicating that Fig. 2 represents the effective scanning spot « cross-section » 
for the present experimental set-up (including amplifier rise time). 
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4. — Digitization of the video signal. 


A more serious problem than that of securing the required precision of 
spark position measurement is that of accuracy in digitizing the sweep posi- 
tion along the image of the gap. It is unlikely that a sufficiently well-regu- 
lated power supply can be designed to do this in purely analogue mode without 
going to great expense. Fig. 3 illustrates our proposed solution to the problem. 
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As is the case for a number of photographie image processing systems cur- 
rently being developed, we introduce precisely ruled gratings to link our 
electronics to a physical standard of length. 
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Since we cannot use our vidicon electron beam to simultaneously scan the 
image and supply grating signals, a slaved high resolution cathode ray tube 
flying spot scanner, driven by the same deflection voltage that sweeps the 
vidicon image, is used to produce the required clock pulses. The CRT spot 
is imaged on a grating, and the signal from the photomultiplier behind the 
grating is used to supply timing pulses to the digitizer. 

The digitizing circuitry will accept the timing pulses and insert uniformly 
spaced interpolation pulses to give the required precision of measurement. 
If the CRT grating is designed to give 64 timing pulses during the 50 us sweep, 
and the digitizer inserts 16 interpolation pulses between adjacent timing pulses 
to give our specified 1024 units, the scaler will be almost identical to one 
currently under development at Brookhaven National Laboratories for the 
high-speed HPD bubble chamber data reduction system (?). Assuming that 
the center of the signal pulse from the vidicon is defined as that abscissa which 
divides the signal into two equal areas, the signal integrating circuits, too, 
will be similar to those designed for the latter system. 

As often as necessary, between accelerator pulses, the vidicons are calibrated 
against the scanner to correct for drift in the vidicon and CRT characteristics. 
Calibration may easily be accomplished while the spark chamber is dark by 
illuminating a calibration grating properly positioned behind a half-silvered 
mirror (every accelerator pulse, if necessary). Our experiment indicates that 
one can well afford the spark image light loss due to the interposed half-silvered 
glass. Note that each vidicon is to be separately calibrated over its entire 
face with respect to the flying spot scanner. 

Although one may resort to other schemes than the above to ensure accuracy 
of digitization, the availability of the slaved spot on the CRT offers an addi- 
tional dividend. By splitting the image of the spot, it may be used, in 
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Fig. 4. — Gap-finder. The mask (b) corresponds to the spark chamber configuration (a). 
conjunction with a mask supplied for the particular experiment, to guide the 
vidicon sweep in scanning any arbitrary (but parallel) spark chamber gap 


configuration. The mask (Fig. 4) is prepared so that each gap to be scanned 


(3) P. W. HouGcH: private communication. 
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is represented to scale by a clear stripe on a transparent base. The remainder 
of the mask is opaque. A photomultiplier behind the mask indicates whether 
the electron beam is in the gap (to the accuracy of voltage regulation; perhaps 
19). In operation, the beam is positioned in the first gap and swept its length. 
At the end of the sweep, the vertical deflection voltage is switched on until 
the photomultiplier signal indicates that the beam has found the next gap. 
The beam is swept in alternate directions in adjacent gaps; the sign of the 
horizontal deflection voltage determining whether the digitizing scaler is to 
count up or down. Periodically, the «gap finder » would be checked against 
the spark chamber gaps themselves. 


5. — Reduction of the digital data. 


Assuming a direct link to the IBM 7090, we examine now the data pro- 
cessing problem which we have brought upon ourselves. During the 10 ms 
recovery time of the chamber, we have indicated that we must expect to 
extract about 1000 36-bit words of information from the ensemble of three 
viewing cameras. This information, then, must be transferred to the computer 
at an average rate of one word every 10us. Since the 7090 Direct Data Con- 
nection is able to accept information at a maximum rate of one word every 
6 ps, no difficulty is anticipated here, although a small buffer storage will be 
necessary to smooth out the data flow rate. Since the IBM 729 IV tape unit 
will require a full second to record the 10000 words of data (10 events) 
accumulated during a machine pulse, all of the raw data will have to be kept 
in core storage between accelerator pulses. 

Information is stored on tape at a density of 1000 words/foot, so that a 
2400 foot tape reel will contain about 2500 events, or the output of 12 min- 
utes of running time. The 40 reels of tape containing an 8-hour day’s run 
will be reused, after their contents have been reviewed, and unusual and doubtful 
events have been recopied on a small fraction of a single reel (*). 

All ten events collected from a single pulse are to be processed during the 
three seconds available between accelerator pulses, allowing 300 ms/event 
processing time. Assuming that the average 7090 instruction consumes 3 cycles 
of machine time, 50000 instructions are available for processing an event of 
about 500 points in space, or 100 instructions/point. It is, of course, impos- 
sible to predict with certainty that the instruction allowance is adequate, but 
we might make the following points. First, the events recorded will all fall 


() It is only the anticipated resistance of the spark chamber physicist that prevents 
the author from suggesting that one might dispense with the daily tape, and record 
only the «special events ». 
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into the narrowly circumscribed class permitted by the spark chamber trig- 
gering system, so that interpretation is greatly simplified. Second, the rare 
events that threaten to require much more than the allotted time can be put 
off for later off-line consideration on the special-events tape. Finally, the time 
allowed per point compares very favorably with that available for bubble- 
chamber event reconstruction in the HPD system currently under development 
at CERN, Brookhaven, and Berkeley (4), whereas the precision required in 
our case is an order of magnitude lower. 


6. — Conclusion. 


Most of the specifications for our representative system have been quite 
arbitrary; they are certainly not inviolable. Thus, if 100000 events/day were 
impossible to attain, 50000 events/day would be likely to satisfy even the 
most statistics-crazed physicist. A chamber narrower than the allowed 1m 
could be measured with correspondingly-increased precision. On the other 
hand, to maintain the specified 1 mm precision in a two-meter wide chamber, 
one would probably have to take advantage of currently available high-reso- 
lution 13 in. vidicons operated under special high-resolution conditions. One 
such tube, soon to be distributed as a standard commercial component by RCA, 
could be expected to at least double the resolution (and hence the measuring 

. precision) of the system using a 1inch vidicon. 

Increasing the number of chamber gaps will, of course, increase the data 
collection and processing time per event, as well as severely tax the beam posi- 
tioning deflection voltage regulating circuitry. Decreasing the number of plates 
is not, however, likely to increase substantially the possible number of 
events/pulse, despite the shorter time required for data collection and pro- 
cessing, for the latter quantity is limited not only by the recovery time of the 
spark chamber, but also by the characteristics of the vidicon tube (*). 


* OK OK 


The work reported in this paper stems from a remark made by L. Ko- 
WARSKI to the effect that the introduction of photographic film in the spark 
chamber experimental procedure was probably superfluous. Dr. KOWARSKI, 
too, was the author’s gracious and effective host during his stay at CERN, 
which was supported by the Ford Foundation and the IBM Research Center. 


(4) H. WHITE: private communication. 

(*) In particular, the rate at which new information can replace the old on the 
target plate of a vidicon depends on the photoconductive and capacitative lag of the 
tube at the prevailing operating conditions. 
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D. Wiscorr, N. H. Lippman, G. CULLIGAN and H. KUHN were most helpful 
in the authors effort to get genuine spark chamber sparks for the vidicon tests, 
and J. RICHEZ made the necessary modifications of the ACEC television camera 
to make it suitable for our purposes. The measurements were performed with 
the competent assistance of Mr. RICHEZ. 


RIASSUNTO () 


Si descrive un sistema che dispensa dall’usare la tradizionale pellicola fotografica 
per registrare i dati contenuti nella scarica della camera a scintille. Invece la camera 
stessa viene osservata direttamente da una camera vidicon televisiva, la cui uscita 
viene digitizzata per l’alimentazione diretta in un calcolatore o per la registrazione 
su nastro magnetico. Esperimenti preliminari indicano che una precisione dello 0.1% 
nelle misure (cioè la localizzazione entro 1 mm del centro di una scintilla in una camera 
larga un metro) si può ottenere facilmente con gli ordinari tubi vidicon industriali. L’esi- 
stenza di vidicon ad alta risoluzione, correntemente reperibili, rende verosimile un 
miglioramento sostanziale di questa percentuale. Si mostra che, accoppiando direttamente 
il sistema video ad un calcolatore IBM 7090, si può probabilmente effettuare la raccolta 
automatica e l'elaborazione in linea di 100000 eventi della camera a scintille al giorno. 


(*) Traduzione a cura della Redazione. 
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Tensor Operator for Electron Polarization (*). 


D. M. FRADKIN 


Institute for Atomic Research and Department of Physics, 
Iowa State University - Ames, Iowa 


Ret He Goon, rd r.-C*) 


Institute for Advanced Study - Princeton, N. J. 


(ricevuto il 1° Settembre 1961) 


Summary. — In this paper it is shown that the polarization of a free 
Dirac particle can be treated in a covariant way in terms of an anti- 
symmetric second-rank tensor operator which commutes with the Hamil- 
tonian. The operator has the interpretation that in the rest system of 
the particle the space-space part is the spin and the space-time part is 
zero. In the quantized theory the second-rank tensor description of the 
polarization is a more appropriate notion than the four-vector description. 
The converse holds for the Foldy-Wouthuysen mean spin. 


1. — Introduction. 


Recently it was shown (1) that the operator 


(1) O = (H/|H|)o- pp + BX(Po XP), 


which was first used by STECH (?) to describe the polarization of a free Dirac 


(*) This research was partially done in the Ames Laboratory of the U.S. Atomic 
Energy Commission. 

(*) National Science Foundation Senior Postdoctoral Fellow 1960-61, on leave 
from Institute for Atomic Research and Department of Physics, lowa State University, 
Ames, Iowa. 

(1) D. M. FRADKIN and R. H. Goop jr.: Rev. Mod. Phys., 33, 343 (1961). 

(2) B. Srecx: Zeîts. Phys., 144, 214 (1956). 
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particle, is to be interpreted as the laboratory-system operator for the spin 
of the particle in its own rest frame. Here H is the Hamiltonian, 


(2) H=a:p+}, 


p is the operator p/p, where p is —%V, and the notation is mostly the same 
as in reference (!). Also it was shown that the four-vector operator of BARG- 
MANN and WIGNER (3), which may be written in either of the forms 


(3) T, = psy, — Dy) ; 
(4) Ls A FeDe 5) 


may be interpreted as the Lorentz transform of (0, 0) from the rest to the 
laboratory system. Here p, is (p,iH). Both O and T, commute with H. 

In the classical theory which develops equations of motion for a polarized 
particle in an external field, there are two equivalent ways to treat the polar- 
ization of the particle. Given the polarization O in the instantaneous rest 
system, one may, following BARGMANN, MICHEL, and TELEGDI (*), define a 
four-vector T, by assigning it the components (0, 0) in the rest system. The 
other possibility is to define an antisymmetric tensor R,, by letting the com- 
ponents R;;, Ra be e;;x:0x, 0 in the rest system; this was done by FRENKEL (°) 
and KRAMERS (6). The two approaches are equivalent, as has been shown 
recently in detail by FORD and HIRT (7). 

This raises the question: Is it possible to introduce in a similar way an 
antisymmetric tensor Dirac operator À, which also commutes with the Hamil- 
tonian and gives a description of the electron polarization? The purpose of 
this paper is to show that this program can indeed be carried out and to 
exhibit some of the properties of the tensor operator. 

The existence of a tensor operator treatment of electron polarization was 
foreseen by Rose (5). CALOGERO (*) and FRONSDAL and ÜBERALL (1) have con- 
sidered operators related to those introduced here, but without defining them 
in such a way that they are constants of the motion. 


(3) V. BARGMANN and E. P. WIGNER: Proc. Nat. Acad. Sci. U. S., 84, 211 (1948). 
(4) V. BARGMANN, L. MICHEL and V. L. TELEGDI: Phys. Rev. Lett., 2, 435 (1959). 
(5) J. FRENKEL: Zeits. Phys., 37, 243 (1926). 

(°) H. A. Kramers: Quantum Mechanics (Amsterdam, 1957), Sec. 57. 

(7) G. W. Forp and C. W. Hirt: to be published. 

(5) M. E. Rose: Relativistic Electron Theory (New York, 1961), p. 105. 

(°) F. CALOGERO: Nuovo Cimento, 20, 280 (1961). 
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2. — Definitions of the operators. 


For a particle in a state with definite momentum g and energy H=(q?-+1)? 
the Lorentz transformation from the rest to the laboratory system is given by 


(5a) View — Up» Dry 9 

(5b) dis = O; + (E +1) 1q;q;, 
(5c) Qi = — Da = Wi , 

(5d) du = E. 


Corresponding to a polarization direction 8, one may define a four-vector n, 
by assigning its components to be (8,0) in the rest system; eq. (5) then give 


(6a) n=8&8|+(E+1)!q:8q, 


(65) ra = iq'8. 


Similarly one may define an antisymmetric second-rank tensor m,, by assigning 
the components m;;, my to be e;;x8,, 0 in the rest system. In detail, the 
components turn out to be 


(7a) Mis = Ein [HB — (E+1)!q:8q], 
(7b) Ma = U(q XB); . 


Here n, and m,, are defined for a specific polarization direction, momentum, 
and energy. One may generalize these quantities into operators, which are 
defined for a specific polarization direction, by replacing g and £ by the 
momentum and energy operators, (H/|H|)p and |H|. Thus the operators n,,, 


and m,,. are given by 


(8a) n, = 8+ (|H|+1)"p-sp, 

(8) Nyy = (H/|H|) p's, 

(9a) Mio) = fenxel|H|S — (|H|+1)*p- Spl, , 
(9b) mis = (BE) PX): 


The operator (H/|H|)p, is generated in a parallel way from the value (0, à) 
in the rest system. Since everything commutes, the validity of tensor equations 


and m,_, is easily tested by specializing to the rest system. 


relating p ay rod RA 
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Dip, e 


Ni op pop — di ’ 
M yop ay op — 2, 
Py Myop = 9, 
PM vor = 0 
Mono = Eure H|) Py Moov 1 
Neon = BE ve ( A1] |) Dy Myr op 


are easily established. 
The operators 7, and À,, are defined in such a way that they bear the 
_ same relation to O as n,,, and m bear to 8, that is, 


D [ey oD 


D. (10a) T=0+(|H|+1)p:Op, 

Bs : (105) T,= i(H/|H|)p-O, 

DM Ris = ea[|H|O- (|H|+1)-1p-Op], 
ae a (115) Pa = i(H/|H|)(pxO), 


AI i) È and where R,,}s to be antisymmetric. It is known that this definition of Le 


2 . coincides with that of eq. (3) or eq. (4). Since O commutes with H , it is clear 
from the beginning that R,, commutes also, 


Di: su 4 | CR; H | <= 0 5 

fi 

“a When eqs. (1) and (2) are used to express R,,in terms of the primitive matrices 
> +... the results are 

«Sd Ris = til H| Bo —yp + p x (Bo Xp), 

"al Ra = i|H | [p x (a — ipa x p)] 

ES 

D 

Although the different components of O do not commute, one may nevertheless 
«ALL still take advantage of the formal correspondence to a Lorentz transformation 
‘LE by writing down tensor-type equations which are valid in the rest system, 

as long the order of the O factors is not disturbed. The components of 12 
bi: . In the rest system must be assigned to be (O, 0) and the components R, da ae sa 
MU 
vata 
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| : 7 
must be assigned to be ¢;,0,, 0. In this way the relations x 
è ; È 
i dici. 
T,T,=0:0=3, STR 
BR 0 ’ wii x 
È VI I 
Db at 0 ’ » 
ai a ni 
PR y "ni 0 ? , Lo 
‘ rig 
ere 
9 iy n RR ean 
(12) lisa: fà ie vo H/|H| JET R } Pe 4 
: ti 
Te pato TA 
Ls Ay ie wyog(H/| |) 0, ni ’ + x 
VI — VA LA RC hà 
(13) TR, = O'S, Me 
a 
=O BGs Va © © 
(14) RM 509 = 208 dE 
ile 
are easily established. "5 RI 
RAI 
4 2 ae hi: 
3. — Discussion. pes 
I oes 
Eq. (12) is a convenient form for R,, because all the factors on the right ie. 
ee E res 
commute. However, by combining eqs. (3) and (12), one sees that £,, may par 
also be written in the form Ne 
(15) By = Eve Hi] H|) 757,0, - tao 
LA 
3 ay 
This is close to an operator which has been discussed by CALOGERO (?). we 
A system is said to be polarized in the $ direction if it is in an eigenstate 
n . . : na Te 2° Es 
of O-$s with eigenvalue +1. It is seen that the operator O-S may be written a4 
a ae! > forme ar aad = Fe 
as ee or as 28, LOE Other forms are found by combining eqs. (13) and Mh 
(3) to obtain + 
O-s = ÙYs pe ne ’ N “5 
cs D : . i ee 
- and by combining eqs. (14), (12), and (4) to obtain 1 RES 
Wie 
NE: 
gel; e È 
0:8=- 3i(4/|H|)y,y, May op Ê (LR 
When the operators are applied to the wave function of à state with definite Di 
energy and momentum, 7,,,, and My May be replaced by n, and m,,. In «+ 
this case the operator O-S may be replaced by tysy,n,, the MICHEL and Ret; 
WIGHTMANN (!!) covariant description of the spin, or by —3i(H/|H|)y,y,m,,- ca 
| (11) L. Micuen and A. S. WiGaTMAN: Phys. Rev., 98, 1190 (1955). 
ha 
cd: 
° 1 a 
4 à 
A Le Sca 
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The equivalence of these last two operators was shown by FRONSDAL and 
ÜBERALL (1). 

The Foldy-Wouthuysen (!*) transform of O is Ba, whereas the transform of 
their mean spin operator is e. Therefore in the present notation the Foldy- 
Wouthuysen mean spin operator is (H/|H|)Q. It is clear that the same pro- 
cess as used above to generate T, and È,, from the polarization O could also 
be used to infer operators appropriate to the mean spin and that the results 
would differ from 7, and R,, only by the factor H/|H|. Thus, in contrast 
to the operators of eqs. (4) and (15) for the polarization, one would obtain the 
operators 


’ 


a — Fyre H]|H|)y,7eP0 » 
de, "i Euros V5 V6 Ds ? 
for the mean spin. 

It is known that it is appropriate to use the operator 7°, in extending the 
theory of polarization to the case of a single Dirac particle in an external 
electromagnetic field (*). The operator R,, would not be appropriate for this 
purpose because of the H/|H| factor. It is difficult to generalize H/|H| to 
the case where there are electromagnetic fields present. 

In making the transition to the quantized theory an additional factor of 
H/|H| comes in because of the anticommuting of the basic operators. For 
example, in the c-number theory the expectation values of the energy and 
momentum are 


[vil |pd*w and Jena \py dee , 


but in the q-number theory the operators for the energy and momentum are 


| pt Hy da and | yptpy dx. 


Avoiding the occurrence of the H/|H| factor, one defines a tensor operator 
for polarization, 


Ruy = Yt EuvecV 5 oPo Ax , 


and a vector operator for mean spin, 


FT y= fo 9 Euvoo) ») ePoy A° . 


(!°) L. L. FoLpy and 8. A. WOUTHUYSEN: Phys. Rev., 78, 29 (1950). 
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For non-interacting particles these are conserved Lorentz tensors with the 
reflection properties expected from the fact that O is an anguiar momentum. 
The proof for #,, and the continuous group, for example, is as follows. The 
operator y(*, t) satisfies the Dirac equation 


Hy = th 0y/ot. 


Since €,ocYsYePs 18 time-independent and commutes with H, the operator y' 


defined by 
p sci EnwoaV5V 0 Pa 


also satisfies the Dirac equation 
Hy'= th oy’ /ct . 
These facts imply the continuity equation 
O(pty')/ot +V-(ptayp’) = 0, 
which may be written in the form 


(PT VaV 28 000) 5Y 9 Do) 0%, = 0 . 


The left-hand side is in the form of a four-divergence of a tensor function of 
position. It follows that the space integral of the fourth component of the 
, is constant in time and is a Lorentz tensor. 


1 g 
function, Z,, 


It is a pleasure for the second author to thank Professor J. ROBERT OP- 
PENHEIMER for the hospitality of the Institute for Advanced Study. 


RIASSUNTO (*) 


In questo lavoro si mostra che la polarizzazione di una particella di Dirac libera 
può essere trattata in maniera covariante in termini di un operatore tensoriale anti- 
simmetrico del second’ordine che commuta con l’hamiltoniano. L’interpretazione del- 
l'operatore è che, nel sistema di riposo della particella, la parte spazio-spazio è lo spin 
e la parte spazio-tempo è nulla. Nella teoria quantizzata la descrizione della polariz- 
zazione a mezzo di un tensore del second’ordine è un concetto più appropriato della 
descrizione a mezzo di un quadrivettore. L’inverso vale per lo spin medio di Foldy- 


Wouthuysen. 


(*) Traduzione a cura della Redazione. 
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(La reponsabilità scientifica degli scrilti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori) 


The Fracture of Liquids under Stress Due to Ionizing Particles. 


B. HAHN 


Department of Physics, University of Fribourg, Fribourg 


(ricevuto il 9 Settembre 1961) 


Several liquids, e.g. water (1), ben- 
zene, carbon tetrachloride (*), and other 
are known to withstand large negative 
pressures (hydrostatic tensile strength) 
up to several hundred atmospheres before 
« breaking ». A stressed liquid with strong 
adhesion to its container wall will only 
break inside the body of the liquid if by 
some mechanism a hole of radius r larger 
than a critical radius r,=20/p, is pro- 
duced [o=surface tension of the liquid, 
P,=negative pressure; vapor pressure 
assumed to be <p,]. According to the 
nucleation theory of bubbles in liquids (3) 
subcritical holes are always present in 
a liquid due to statistical density vari- 
ations. The calculated negative pres- 
sures (1) required for rendering such holes 
supercritical are large [e.g. p, (water 


27 °C) = —1320 atm, p, (ethyl ether 
27°C) = — 138 atm], and seem to be 


difficult to reach experimentally. Pre- 
existing vapor or gas bubbles, micro- 


(3) L. J. Briggs: Journ. Appl. Phys., 24, 
721 (1950). 

(*) L. J. BRIGGS: Journ. Chem. Phys., 49, 
970 (1951). 

(8) See eg. M. VOLMER: KAinetik der Phasen- 
bildung (Dresden und Leipzig, 1939). 

() J. C. FisHER: Journ, Appl. Phys. 49, 
1062 (1948). 


scopie dust particles, and weak adhesion 
of the liquid to the container wall, can 
cause the liquid to rupture prematurely 
at small negative pressures. 

A mechanism capable of producing 
holes of supercritical size at moderately 
high negative pressures is provided, as 
presented in this paper, by ionizing 
particles. The rupture of several stressed 
liquids due to «-decay inside the liquid, 
and due to neutron and y-ray irradiation 
has been experimentally observed. 

An easy method for producing neg- 
ative pressures inside a liquid is by 
centrifugal forces (1). A 24cm long 
pyrex glass capillary tube of 1 mm inner 


de 


left J 


Fig. 1. — Rotating pyrex glass capillary tube. 
diameter with back bent open ends, 


and filled with a liquid has been rotated 
about an axis as indicated in Fig. 1 up 


US] 
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to speeds of 180 revolutions per second. 20°C are shown. The reciprocal average be 
The negative pressure created by the breaking time is plotted versus the 
centrifugal force in the middle of the applied negative pressure and versus 


capillary is the rotation frequency. Each point cor- ee 
responds to 30 measurements. Without eee 

Dik 27? ov2r?,, — Pp » radioactive sources in the liquid the By 

waiting times were 10 to 100 times hel 


(o— density of the liquid, v=number of longer. The average waiting time ata 
revolutions per second, 7.-—effective fixed frequency for the Th-source in- 
radius, p,=outer barometric pressure; creased as was expected from the dis- 
vapor pressure of the liquid neglected). appearance of the source with the half 
When the liquid breaks it is thrown out. life for ThB of 10.6 h. The absolute 


Negative pressure (atm) i 


0 5 10 20 cor 
le Jo il Ta T T T t 
Freon 13 CCL,F —CCLF, <4 
20 °C 
= .20 
& 
® 
a 
È © 
(= 
Selon | 
D à 
5 } 1 
® + w a 
S | jm 
= L i 
= J0}- 
è ThiC+C)-a—] p™Po-o Pu/Be-n "Cs-y bY 
S le 
Q $ Ri: 
si : 
& .05 oth 
3A ne. 
+ A È SR 
: + ee 
| I alia: 1 1 L "A 
0 20 40 60 80 100 120 Ce Le 
Revolutions per s 
Fig. 2. — Reciprocal average breaking time negative pressure and vs. rotation frequency for 


x-decay, neutron and y-irradiation. 


In a first experiment small traces of and relative frequency measurements, TRES 
the «-emitter 2!°Po, and later on of ThB done with a stroboscope, are accurate - RI 
in equilibrium with the x-emitters ThC to +2%. The observed shift between 
and ThC’ have been dissolved in the the :Th(C+C’) and the Po curve is oie art 
liquids under investigation, and filled believed to be real. In this laboratory tis 
into a capillary tube with a widened a similar shift has been found for the 


central volume of 0.6 em. The average same sources under «normal» bubble Ae 

waiting time for breaking of the liquid chamber operation conditions at positive ce 
has been measured at various rotation pressures (5), and the conclusion has “ke. 
frequencies. In Fig. 2 curves for the ________ - 
a-decay of ‘Po and of Th(C+C') in (*) G. RiePe and B. Hann: Helv. Phys: | ef 
the liquid Freon 113 (CCLF-CCIF,) at eta (in press). LE 


Les 
> 
mn 
“i 


i, 
” 
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been drawn that the bubbles are due to 
the recoil nucleus of the a-decay, rather 
than to the «-particle itself. 

A survey of the «-decay sensitivity 
of 28 liquids has been made. The 
breaking pressure, the surface tension, 
and the viscosity are given for some 
liquids in Table I. No well defined 


TaBLE I. — Negative breaking pressure 
for various liquids at 20 °C due to x-decay. 


B. HAHN 


second) has been used at a distance of 
50 cm from the «spinner ». The rupture 
of the liquid is due to fast neutrons 
(nuclear recoils and interactions). The 
breaking for Freon 113 sets in approxi- 
mately at the same negative pressure as 
for the «-decay; however, the neutron 
curve in Fig. 2 is much less steep than 
the a-decay curves. No detailed inter- 
pretation of the neutron curve can be 
given at the moment. 

In a third experiment sensitivity to 
y-rays has been found. A weak 1#7Cs 
y-ray source held near the spinner was 
capable of breaking Freon 113 at 20°C 
at approximately minus 52 atm as indi- 
cated in Fig. 2. The liquids isopentane 
(— 40), methyliodide (— 49), and Freon 11 
(CCLF) (— 56) broke at the negative 
pressures given in parentheses. 

Without the presence of a radio- 
active source Freon 113 has been brought 


Critical point 


Pn @ n 
atm dyn./em cp 
Isopentane 383 RS 22 
| n-Hexane 6.8. 18-41) 2335) 
| Acetone 8.2 | 23.7 .32 
| Trychlorethylene IRON ZON .58 
Cyclohexanol 48.1 | 32.4 | 68.0 
Ethylenbromide 2 179143801007 
Acetophenone 32.8 | 39.8 | 1.8 
40, 
30} 
20} 
O 10+ Freezing point Boiling point 
O 
a 0 
me 
2 
8-10 
Gui 
-20 
-30+ 
-40 
-50 
Temperature 
Big. 19. 


np De ape vay je ne ‘al j i 
— Pressure-temperature diagram with operating points for normal bubble chamber 


operation (4-4'), partly negative pressure operation (B-B') according to PLESS and PLANO (7) 
. F 4 
and «pure » negative pressure operation (C-Q’), 


dependence of the breaking pressure on 
the surface tension has been found. 
Liquids of high viscosity (e.g. eyelo- 
hexanol) have especially high breaking 
pressures. 

In a second experiment an external 
Pu/Be neutron source (106 neutrons per 


for short waiting times of the order of 
1s to a pressure of minus 120 atm. 
The effect of liquid fracture due to 
ionizing particles might be compared 
to the process of bubble formation in a 
superheated liquid at positive pressure 
by ionizing particles as discovered by 
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GLASER (5). For comparison of the oper- 
ating conditions, the operating pressure 
intervals and the relative operating tem- 
peratures for normal bubble chamber 
operation (A-A’), and for «pure» nega- 
tive pressure operation (0-0) are shown 
qualitatively in Fig. 3. Press and 
PLANO (7) have expanded a small iso- 
pentane bubble chamber into the nega- 
tive pressure region to minus two 
atmospheres (B-B’). 

A pure negative pressure operation 
of a bubble chamber seems to be imprac- 
tical because of the high negative pres- 
sures (~ — 50 atm) required and because 
of very fast hole growth. 


(5) D. GLASER: Phys. Rev., 87, 665 (1952). 
(O) ai, AG IRs) ehh ARG" Af, IRIE EURE: 
Sci. Instr., 27, 935 (1956). 
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Another possible application of the 
effect might be the study of very small 
a-activities using a spinner with a large 
central volume and returning arms to 
prevent the liquid to spill out after 
breaking. For a central volume of 
150 em® filled with pure Freon 113 at 
20°C an average waiting time of 208 
at 50 Hz as zero effect has been observed. 
A similar method has been proposed by 
BRAUTTI et al. (8) at positive pressures. 


* % % 


The author wishes to thank Professor 
O. HuBER, Dr. N. PEACOCK and Dr. G. 
Riepe for highly valuable discussions 
and help. 


(3) G. BRAUTTI, M. CescHIA and P. BASSI: 
Nuovo Cimento, 10, 1148 (1959). 
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Y* and Two-Nucleon K_-Captures. 


N. N. BISWAS 


Max-Planck-Institut für Physik und Astrophysik - München 


(ricevuto il 18 Settembre 1961) 


1. — It is well known from the 
K--meson captures at rest by complex 
nuclei that the reactions sometimes in- 
volve two nucleons leading to two fast 
baryons. Since the K -interactions with 
nucleon or nucleons are rather strong, 
the conventional phenomenological ap- 
proach in terms of isotopic spin for- 
malism is very useful. In this approach, 
the channels involving one nucleon and 
two nucleons are treated indipendently 
and two independent sets of matrix ele- 
ments then describe the K -interactions. 
It may, however, be worth-while to be able 
to understand the two phenomena — at 
least qualitatively as interrelated. 

The existence of a pion-hyperon reso- 
nant state as experimentally established 
by various groups (1) is of great help in 
this instance. The important role of this 
resonant state designated by Y* has 
been experimentally observed by Dann 
et al. (?) in deuterium capture and by 


(1) M. ALSTON, L. ALVAREZ, PH. EBERHARD, 
M. L. Goop, W. GRAZIANO, H. K. TicHo and 
S. G. WOJCIKI: Phys. Rev. Lett., 5, 520 (1960): 
H, MARTIN, L. B. LEIPUNER, W. CHINOWSKY, 
F. T. SHIVELY and R. K. ADAIR: Phys. Rev. 
Letti; 6,283 (1961). 

(*) O. I. DAHL, N. HORWITZ, D. H. MILLER, 
J. J. MURRAY and P. G. WHITE: Phys. Rev. 
Lett.. 6, 142 (1961). 


Brock et al. () in helium capture. 
EISENBERG et al. (4) have conjectured 
that it may be important in two-nucleon 
capture process. The resonance of the 
pion-hyperon system in the isotopic spin 
state T'— 1 is well established and another 
resonance in 7=0 state seems to be 
present. Possibly, the T—0 state is as 
important as the T—1 state (?). 


2. — In deuterium, for example, the 
reactions are as follows, 


(1) K+d>Y+rn+N, 
(2) + YA, Y* Yoo, 
(3) RK4d+Y4N. 


To interrelate one- and two-nucleon 
reactions, one may consider the reac- 
tions (2) and (3) to be basically the same: 
namely, both proceeding through the 
production of Y*. However, in (2) 


(*) HELIUM CHAMBER COLLABORATION 
Group: Nuovo Cimento, 20, 724 (1961). 

(*) G. ALEXANDER, Y. EISENBERG, N. FRIED- 
MAN and D. KESSLER: Reports on Proc. Rochester 
Conf. (1960). 

(5) M. ALSTON, L. ALVAREZ, PH. EBERHARD, 
M. L. Goop, W. Graziano, H. K. TricHo and 
S. G. WOJCICKI: Phys. Rev. Lett., 6, 698 (1961). 


=H 
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Y* decays in a hyperon and a real pion, 
apparently indistinguishable from (1), 
and in case of (3) the resonant state 
decays non mesonically emitting a virtual 
pion which is subsequently absorbed by 
the other nucleon. The mechanism con- 
sidered here is analogous to that of 
A-decay in hyperfragments treated by 
RUDERMAN and KARPLUS (6). The anal- 
ogy seems to be in accordance with the 
experimental results. It is known that 
A’s bound in heavy nuclei decay exclu- 
sively in the non-mesic mode and the 
ratio of non-mesic to mesic decay rate 
of A is strongly dependent on the atomic 
number of the nucleus containing it. 
Similarly, in the present case, the two- 
nucleon capture rate analogous to non- 
mesic decay rises rapidly from light 
to heavier nuclei: ~1% in D, ~17% 
in He and (15--30)% in emulsion nu- 
clei (78). Further, the total production 
rate (*) of Y* in K -capture cases in 
light nucleus such as deuterium is of 
the same order of magnitude as the two- 
nucleon reaction rate in heavy nucleus 
(e.g. emulsion nucleus). Thus it seems 


(5) M. RUDERMAN and R. KaRPLUS: Phys. 
Rev., 102, 247 (1956). 

(7) See Report by L. ALVAREZ at the Ninth 
International Conf. on High Energy Physics, 
Kiev, USSR; L. ALVAREZ: Lawrence Radiation 
Laboratory Report UCRL 9354 (unpublished). 

(8) M. NIKOLIG, Y, EISENBERG, W. KocH, 
M. SCHNEEBERGER and H. WINZELER: Zelv. 
Phys. Acta, 33, 221, 237 (1960). 

(*) From the present experimental data, it 
is difficuit to estimate the total Y* production 
rate. In deuterium, only the 7= 1 state decaying 
in the Am mode has been reported (—10%). 
The decay of this state in Sm mode is rather 
rare (**), However, the contribution from the 
T=0 state may be considerable. The cross- 
section for ee production in hydrogen near 
threshold is of the same order of magnitude as 
that of ae production as reported in ref. (°). 
Thus the total Y* production in K--captures 
in deuterium would be as high as (Z0+25)% 
of the capture events. 

() P. Bastien, M. FERRO-LUZZI and A. H. 
ROSENFELD: . Phys. Rev. Lett., 6, 702 (1961) 


and the deuterium results of R. D. LEVINE, 


J. J. Murray, D. H. MILLER and J. SCHWARTZ, 
quoted in this reference. 
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indicative that the reaction (2) which 
proceeds in deuterium through the real 
pion decay of Y*, is undergoing virtual 
decay in heavy emulsion nuclei leading 
to two-nucleon process. These similar 
behaviours of the two processes may be 
indicative of their similar mechanisms. 


8. — We would then also have the 
similar graphs as considered by Ruder- 
man and Karplus, namely, 


Y Yi N 
Semi ea a)--- 2-6 
TN SA SE i 
a) b) 
Fig. 1 


where (a) represents mesonic decay of the 
resonant state which looks similar to a one- 
nucleon reaction involving a hyperon and 
a pion, and (b) the virtual absorption of 
the decay pion giving a hyperon and a 
nucleon as reaction products. The ver- 
tex « has the same matrix element in 
both cases and the vertex £ can be 
represented by Yukawa interaction. The 
ratio r, of the two-nucleon (non-mesonic) 
interaction to the reaction involving 
Y*—+> Y+7 is (*) 


(4) rw gtk? My/[My(My.— My) +17: 


en(k/q)?1P . 


Here g?/4x=0.08 (pion-nucleon coupling 
constant); k, g=momenta of the virtual, 
real pions, respectively, emitted in the 
Y*-decay; My, My. are the rest masses 
of the nucleon and Y*; oy= density of 
nucleons inside the nucleus; /= orbital 
angular momentum of the pion virtually 
emitted, and is related to the spin S 
(O Ga 


()CAJl*univs Int cm. 1. 


+ 

1 

CAT 
f 
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corresponding to odd, even parity of Y* 
with respect to hyperon. Numerically, 


g=—3A6m_6, ) Gi — O88om_c . 


My+ = 1385 MeV , 
and eq. (4) gives 
(6) ra 0.5 @y(12.7)'P . 


We should remark that these calculations 
a priori assume the vertex a to be 
smaller than the Compton wavelength 
of the pion; eq. (5) should therefore be 
taken as a qualitative estimate. 


4.— To compare with the experimental 
data, we assume that the two-nucleon 
capture proceeds exclusively through the 
mechanism considered here, i.e. virtual 
decay of Y*. The ratio of two nucleon 
capture events to the total stopped 
K -mesons is ~1% in D, — 17% in He. 
The reactions involving pions may, how- 
ever, proceed directly as well through 
the resonant states. Assuming, as in 
deuterium, that the Y*-production hap- 
pens in about + of the K _-captures, 
the ratio r comes out to be ~ 5% in D 
and — 85% in He. 

The theoretical values of r may be 
roughly calculated from some simple 
considerations. We would assume that 
the probability P of Y* being inside 
heavy nuclei (e.g. emulsion) is about 
unity and is propertional to At, where 
A is the atomic number of the nucleus 
containing Y*. Using the value of A 
for heavy nuclei in normalizing P to 
unity, the probabilities in lighter nuclei 
can be calculated. With appropriate 
radius for *He nucleus for evaluating 
the nuclear density in K~ He capture 
case and the deuterium radius for Y*.N 


case, the ratio r is found as tabulated. 
below for some values of l. 


Nucleus} J=0 | IN 2a exp. 


D | 0.0013 | 0.0165 | 0.21 | ~ 0.05 
He | 0.053 | 0.67 | 8.5 |~ 0.85 


Comparison of these values with the 
experimental results favours I=1. At 
the momentum involved in the reaction, 
one would also have expected the pion 
to be absorbed in the p wave from the 
behaviour of the pion nucleon interaction. 
This consistency gives some support to 
the validity of the mechanism considered 
here. Eq. (5) would thus predict odd 
parity for spin + and even parity for 
spin 3 of Y* with respect to hyperon. 
However, these calculations as well as. 
the present experimental data on the 
spin of Y* are uncertain. Therefore, it 
is not safe to draw any conclusion in this. 
respect and probably it would be more. 
reasonable to look for the compatibility 
of these results when the spin and parity 
of Y* will be known from some clear 
cut experiments. 


5. — In conclusion, we may remark 
that the investigation of two-nucleon 
capture rate and the production rate of 
Y*— Y+7 in K -captures in light nuclei 
would be of particular interest from the 
point of view of the mechanism consid- 
ered here. The 2.N capture rate should 
increase with the atomic number of the 
capturing nucleus whereas the mesic 
decay of Y* should decrease. A system- 
atic experimental study and a more 
rigorous calculation may be helpful in 
extracting some information about the. 
characteristic of the pion-hyperon reso- 
nance system. 
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The possible existence of a magnetic 
monopole is in itself so appealing that 
it has been thoroughly studied in many 
theoretical papers (12). 

On the experimental side, several 
attempts to discover the monopole re- 
sulted in putting lower limits on the 
mass of such a particle if reasonable 
assumptions about its interactions are 
made. At present the available limits 
are roughly: one pion mass from the 
Lamb shift (2), three pion masses from 
the g — 2 value for the u-meson (8), one 
proton mass from direct observation (?). 
Because the energies available at the 
CERN Proton Synchrotron make it pos- 
Sible to produce monopole-antimonopole 
pairs up to a monopole mass of about 
2.8 GeV, a few simple counter experi- 
ments were planned to push down the 
previous lower limits. Similar experi- 
ments are performed with nuclear emul- 
sions by E. AMALDI, G. BARONI, H. BRAD- 


(*) On leave of absence from the University 
of Rome. 

(**) On leave of absence from the University 
of Bologna. 

(1) P. A. M. Dirac: Proc. Roy. Soc., A 133, 
60 (1931); Phys. Rev., 74, 817 (1948). 

(?) H. BRADNER and W. M. ISBELL: Phys. 
Rev., 114, 603 (1959). This paper contains many 
references on the monopole subject. See also 
R. Katz and O. R. PARNELL: Phys. Rev., 116, 
236 (1959). 

(8) B. DE TOLLIS: private communication. 
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NER, DE CARVALHO, L. HOFFMANN, A. 
MANFREDINI and G. VANDERHAEGHE 
and by a Brookhaven group. The experi- 
ments were designed to detect isolated 
magnetic charges of absolute value 
g=137/2e, but were also sensitive to 
charges somewhat different from the 
above value. 

Fast monopoles should produce a 
strong electric field which heavily ionizes 
the medium: in the relativistic region 
the rate of loss should be (137/2)? that 
of a unit electric charge (about 8 GeV 
per gem). Thus they should be easily 
identifiable. Monopoles at thermal en- 
ergies would be expected to be bound 
in paramagnetic solids with energies of 
a few electron volts (4) (they would be 
expelled by diamagnetic materials); a 
strong magnetic field could remove them. 
Monopoles in gases could probably attach 
several paramagnetic molecules (notably 
oxygen) making a kind of molecular 
complex. This effect is experimentally 
undesirable for their observation. Mo- 
nopoles should be stable, but two poles 
of opposite magnetic charge should 
annihilate, presumably into high-energy 
photons. Assuming (without real justi- 
fications) that the classical electron 
radius would be equal to the « classical 


(© Wa Ve. Re. MALKUS: Phys. Rev, 837 


899 (1951). 
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monopole radius », one estimates a prob- 
able monopole mass of 2.4 GeV. A first 
order perturbation calculation assuming 
a) only electromagnetic interactions, and 
b) a nucleon form factor with the core, 
as suggested by the Cornell results, 


‘ shows that the production cross-section 


in nucleon-nucleon collision should be 
larger than 10-34 cm? (9). 

Two different kinds of experiments 
were performed; in both, monopoles 
were supposed to be produced in nucleon- 
nucleon collisions. In the first kind of 
experiments, monopoles should have been 
directly detected by means of scintillation 
counters after having been accelerated 
by solenoids. The monopoles were either 
a) directly bent into the accelerating 
solenoids or b) stopped in a diamagnetic 
target and immediately extracted by a 
weak magnetic field, or c) stopped, pre- 
ferentially in a paramagnetic target, 
assumed, to be bound there, and later 
extracted by a reasonably strong mag- 
netic field. 

In the second type of experiments, 
a counter telescope was used to detect 
a high-energy induced activity, one pos- 
sible origin of which being a monopole- 
antimonopole annihilation. 


1. — In the first case we used two 
solenoids, 165 and 55 cm long, 10 em 
inner diameter, 12cm apart (Fig. 1): 
they provided a magnetic field of about 
2kG. Three gas (99.99% pure argon) 
scintillation counters, 10 em thick and 
10 em diameter, were placed one between 
the solenoids and two after the shorter 
coil. The counters were calibrated with 
the 5 MeV «-particles from a polonium 
source. Their from 


usefulness arises 


(®) E. AMALDI, N, CABIBBO and E. FERRARI: 
private communication. They point out that 
the value is extremely rough (though probably 
underestimated) because perturbation methods 
fail for large coup ing constants as we have here, 
and moreover, because of the high momentum 
transfers involved, the cross-section is highly 
dependent on the nucleon form factors chosen. 


their good linearity of response to high 
specific ionizations. Standard transistor- 
ized circuitry was used; in particular, 
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Fig. 1. — Sketch of the apparatus and block 


diagram of electronics. Solenoid and vacuum 
pipe shown in dotted lines at left were used only 
in experiment 1b. 


discriminators set a limit on pulse height 
accepted and the output of a coincidence 
circuit triggered a 4-beam CERN oscillo- 
scope where the pulses from the three 
counters were photographed. Monopoles 
entering the long solenoid should be 
accelerated to 6 GeV in a 105 mm Hg 
vacuum, cross the first counter losing 
about 135 MeV energy in the scintillator 
and 400 MeV in the walls of the solenoids 
and of the counter, gain 2 GeV more in 
the second solenoid, and be recorded in 
the last two counters. 

The front end of the long solenoid 
was placed firstly near the PS vacuum 
chamber, in a straight section. The 
internal proton beam impinged on a Be 
target at the entrance of the previous 
straight section, and a high flux of par- 
ticles, mainly protons produced by dif- 
fraction scattering, impinged on the sole- 
noid front end, which consisted of a 
2 em copper plate. The solenoids made 
an angle of 20° with respect to beam 
direction and were pulsed in synchronism 
with the PS cycle. Most of the mono- 
poles produced in the copper plate should 
have been slowed down to thermal en- 
ergies and, since copper is diamagnetic, 
should have been easily extracted by 
the field of the solenoids. Monopoies 
produced at an appropriate thickness 
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should have been slowed down so that 
the field could bend and collect them. 
The collection was improved by a series 
of copper sheets 0.2 mm thick placed 
1 em apart in the direction of the mag- 
netic field. Though the counters were 
heavily shielded they nevertheless had 
high single rates, mostly due to particles 
crossing the glass of the photomultipliers. 
Effective biases of 35 MeV had to be 
used, to reduce the random rate to neg- 
ligible values. No evidence for mono- 
poles was found for an estimated flux 
of 6-10" protons of 19 GeV kinetic 
energy incident on the copper plate. 
This corresponds to a cross-section 
smaller than 10-%7 em? per nucleon, for 
the production of monopoles slowed 
down and extracted, and smaller than 
3:10-* em? per nucleon, for those bent 
in the magnetic field (f). The experiment 
was sensitive to monopoles having a 
charge between 0.6. and 4 times the 
predicted value and a mass smaller than 
2.2 GeV. Larger magnetic charges would 
not have been able to cross all the 
counters, because ionization losses go as 
the square of the magnetic charge, while 
the energy gain in a solenoid goes only 
linearly. 

Successively 27.5 GeV kinetic-energy 
protons were used to bombard, in a PS 
field free section, a paramagnetic target 
(10 mm thick aluminium with 3-10" pro- 
tons) and a diamagnetic one (12.5 mm 
polyethylene with 1.5-1014 protons). We 
also used an externally irradiated target 
of the type used in the emulsion exper- 
iments, made of a slightly diamagnetic 
core (copper 2.5 x 2.5 x 5 em) surrounded 
by a material of higher negative suscep- 
tibility (paraffin) exposed to about 6-10", 
19 GeV protons, and successively to 
5-104, 27.5 GeV protons. The copper 
plate used before as target for the pro- 
duction of monopoles was removed and 
an auxiliary coil was connected to the 


(5) All limits given correspond to a confi- 
dence level of one standard deviation. 
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long solenoid (Fig. 1, dotted lines at left). 
After irradiation the targets were placed 
in the 10° mm Hg vacuum inside the 
auxiliary coil. This extra coil was pulsed 
to 7kG and thus acted as monopole 
«extractor». The usual two solenoids 
were continuously on and acted as 
accelerators and also, providing contin- 
uously 100 G at the target position, as 
helpers for the extraction. From the 
absence of counts we placed the limits 
of 107% in aluminium, 10-% in poly- 
ethylene, and 10-36 in the Cu+CH, 
target (cross-sections in cm? per nuc- 
leon) (8). The experiment was sensitive 
to monopoles having a mass smaller 
than 2.8 GeV, and a magnetic charge 
between 0.3 (the counter thresholds were 
at 10 MeV) and 4 times the Dirac 
value (7). 


2. — To detect the particles originated 
in a possible monopole-antimonopole 
annihilation we used a counter telescope 
consisting of 0.5 cm thick lead converter, 
three coincidence counters 22 cm diam- 
eter, 1 cm thick, and a total absorption 
lead glass Cerenkov counter 35 cm di- 
ameter, 30 cm long (8). The system had 
an efficiency of about 50% for photons 
and 100% for electrons. The electronics 
consisted essentially of a standard coin- 
cidence circuit whose output opened a 
gate letting the pulse from the Cerenkov 
counter to a 100-channel pulse-height 
analyser, so that the energy of the par- 
ticle could be measured. 


(7) During this experiment the solenoids 
were part of the time oriented approximately 
in the direction North-South and the polarity was 
such that lines of force inside the solenoids were 
mostly supplied by the earth’s magnetic field. 
Monopoles created by cosmic rays and drifting 
in the atmosphere should have been collected 
and accelerated. We estimate an upper limit 
of 4-107" monopoles em-? s7!. This limit would 
be worse in the case of oxygen molecular complex 
formation, which we cannot exclude. [See ref. (*) 
for analogous experiment.] 

(8) M. FIDECARO, G. GATTI, G. GIACOMELLI, 
W. A. Love, W. C. MIDDELKOOP and T. YAMA- 
GATA: Nuovo Cimento, 19, 382 (1961). 
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The telescope, subtending an angle 
of 7.8:10-4 sr, looked at a polyethylene 
target 12 mm thick while being irradiated 
by 27.5 GeV protons for a total flux of 
4.5-1014 protons. A gate allowed pulses 
to be recorded during a period of Is, 
starting either 0.19 s or 1.2 s after each PS 
burst (the PS repetition rate was of one 
burst every 5s, the burst length was 2ms). 

After irradiation, the polyethylene 
target plus an Al-10 mm thick target 
irradiated by 3-10 protons, and a 
paraffin-surrounded copper piece irradi- 
ated by 5-10" protons, were placed 
immediately in front of the telescope, 
subtending now 3.8-10-2 sr. After 2h 
of counting, the polyethylene target and 
the paraffin around the copper one were 
melted in. the hope of speeding up 
eventual migration processes. 


No counts were registered. This result 
is of difficult interpretation. If there is 
a high probability for annibilation in 
the time between 0.18 and one day 
after production, then the experiment 
gives an upper limit of (10-88-1079) cm? 
for the production cross-section. 
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